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GTL Vigilance for Simple Typing with Natural Semantics
GTL Vigilance for Tag Typing with Transient Semantics

GTL Vigilance for Truer Transient Typing with Transient Semantics

1 Common Definitions

1.1 Evaluation Language Definitions

Evaluation Language ‘

v
w =
E =

Err® =
Err® =
Err =

e =

n|i| True | False | {v,0) | w

Mx:r).e| grd{r = 1} w

104
104
104

[11<E,e) | (v,E) | fst{r} E | snd{r} E | app{r} Ee | app{r} v E | Ee | v E | binopEe | binopv E

cast{r =’} E|if Etheneelse e | mon{r & r}E | assertTE
Wrong
DivErr | TypeErr(z, v)

Err® | Err®

Err|x|n|i|A(x:7).e]|{e,e) | app{r}ee|ee]|fst{r}e]|snd{r}e| binopee|cast{r =7’} e

if etheneelsee | mon{r < r}e|grd{r & 1}e|assertre
Nat | Int | Bool | #X3 | +—x | *

Nat | Int | Bool | X7 | 7> 7| *

sum | quotient

N

VA

vg o< Ko =

True
if Ky = Natand oy € N
or Ko =Intand vy € Z
or Ko = Booland vy € B
or Koy = *x* and vy € (v,0)

orKog=*—*andovg € w

or Ko =%
False
otherwise
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105 § : binopxoxv — e
106

ig + i1

107

108 if binop = sum{r}

109 DivErr

110

111 §(binop, ig, i1) =
) P and iy =0

112

113 |_i0/i1J

114 if binop = quotient{r}

115 andi; # 0

if binop = quotient{r}

116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135

136 L
oy —
137 pos TXv B

T

138 L|o ocind T 0 ‘ernon

v ocﬁheck d
139

o N | vo|z] v 7] True

41 T| v |z] True v |7]

142
143
144
145
146
147
148
149
150

152
153
154

155

156 2023-04-10 15:45. Page 3 of 1-104.



157
158
159

160

162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204

206
207

208

1.2 Operational Semantics

reflexive-transitive closure of — I

compatible closure of <

fst{zo} vo -, Wrong
ifog # (v1,02)

fst{ro} (vo,v1) —, assert 79 0

snd{7o} vo —, Wrong
ifvg # (v1,02)

snd{zo} (vo,v1) >, assert 7o vy

binopvg v1 >, Wrong

if §(binop, v, v1) is undefined

binop vy v1 —, assert 7o 8( binop, vy, v1)

if §(binop, vo, v1) is defined

app{7o} vo v1 —, assert 7 (v v1)
00 U1 —, Wrong
if vy # wo
(Alx0:71). €0) 01 . eo[xo—v1]
; L
if o, <>Ccheck n
(A(xo:71). e0) v1 =, TypeErr(zy, v1)
if —o ocfheck n

(grd {1 & 12} wp) v1 >, mon{cod(r;) < cod(r2)} (wo (mon {dom(ry) < dom(r1)}v1))

cast{r1 & 10} vg =, mon{r] & 19} g
: L
1f0() chnd T1
L
and vy ocp 1 70
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209 cast{r1 & 10} vg —, TypeErr(z1, v9)

210 : L
o if =g oy Tl

212

213 cast{r1 & 10} 0o —, TypeErr(zy, vo)
214 if —vy o«
215

L
bnd 7

216
iy mon {11 & 12} i =, o
218 if i ocfmm 71 Ao ocIfnon 72
219
220 mon {7; & 12} (vg,01) >, {mon {fst(11) & fst(12)} vo, mon {snd(r;) & snd(r2)} v1)
221

222

993 mon{r; &} w —, grd{n & n}w

T1/\WOCL

224 if w oL mon T2

mon
225
226
s mon {19 < 11} 09 —, TypeErr(zp, vo)

: L

228 if =09 o To
229
20 mon {7y & 71} v =, TypeErr(r1, vg)

231 . I
- if =0y o<pp0n T1

233
234 if True then ej else es >, e
235

236 .

v if False then eg else ez >, ez
238

239 assert 7p vg >, 0o
240 if vy

L
70
241 check

242
243 assert g vg el TypeErr (o, vo)
244 if =g oc
245

L
check 0

246
247
248
249
250
251
252
253
254
255
256
257
258
259
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261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278

279

281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304

306
307
308
309
310
311
312

1.3 Store-Based Evaluation Language Definitions

Store-Based Evaluation Language

v = ¢|n|il|True| False | {¢,£) | A(x:7).e

Err® = Wrong

Err® = DivErr | TypeErr(z, v)

Err = Err® | Err®

e = Err|x|€]|o](ee)|app{r}ee|ee]|fst{r}e|snd{r}e| binopee|cast{r =7'}e
| if etheneelsee| mon{r < r}e|assertre

K u= Nat | Int | Bool | #Xx | x— = | %

T u= Nat | Int | Bool | tX7 | 7—>7 | *

binop = sum | quotient

> € L+ Vxoption(T x T)

t e L

n € N

i e Z

E = [11(E e) | ({,E)|fst{r} E | snd{r} E | app{r}Ee | app{r}¢E|Ee| ¢ E| binopEe | binopt E

| cast{r <1’} E|if Etheneelsee| mon{r & r}E|asserttE

True
if Ko = Natandoy € N
or Ko =Intand vy € Z
or Ky = Bool and vy € B

vg x Ky = or Ko = * X * and vg € (£, £)

orKop =* — xand vy € A(x:7).e

or K() = %
False
otherwise

6 : binopxVxV — E

io + i
if binop = sum{r}
DivErr

5(binop, i, ir) = if binop = quotient{r}
andi; =0

Lio/i1]

if binop = quotient{r}
andi; #0
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313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
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ol TXV — B

L L L
Lo OCbnd T %%mon® © occheck T
N | oo |7] voc|7] True

T| vox|z] True voc 7]

Ss1(2())

if fst(Z(6)) £ ¢/
pointsto(Z, £/)

if fst(Z(£)) = ¢/

pointsto(Z, £) =

2023-04-10 15:45. Page 7 of 1-104.



365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415

416

1.4 Store-Based Operational Semantics

reflexive-transitive closure of — 1

compatible closure of <,

e, Xe

3,0 —, X[¢+ (v,none)], ¢
where loc ¢ dom(%)

3, fst{ro} to —, 2, Wrong
if 2 () # ({f1, £2), )

3, fst{ro} to —, X, asserttyfp
if 3(f) = ({61, 2), _)

Ssnd{rg} fp <, 3, Wrong
if2(8) # ({£1,6), )

Esnd{ro}fy <, X, assertryfp
if 2(6) = (b, 2), )

3, binoptyty =, X, Wrong
if §(binop, pointsto(Z, £), pointsto(Z, £1)) is undefined

3, binop {y £ —, X, assert 9 6(binop, pointsto(Z, &), pointsto(Z, £1))
if 6(binop, pointsto(Z, £), pointsto(Z, £1)) is defined

3, app{ro} o 1 —, X, assertty (£ £1)

DN RS —, %, Wrong
if 2(6) = (v,_)and o ¢ A(x:7).e Ul
or %(fp) = (£, none)

34 4 —, X,eo[xo ]
if 2(&) = (A(x0:71).€0,_) and

: L
pointsto(Z, #1) ek T1
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417 >, 6 6 —, X, TypeErr(r, £1)
a8 if 2(&) = (A(x0:71). €0, _) and

419 . L
20 —pointsto(Z, #1) ek T1

421

422 3,6 0 —, Z,mon {cod(r1) < cod(r2)} (fo (mon {dom(r2) < dom(t1)} £1))
423 if (&) = (f2, some(r1,172))
424
425
426 Scast{nn =10} by <=, Z,mon{n &1}
427 if pointsto(Z, ) ocIl;nd 7
428 . L
and pointsto(2, {y) « 70
429 P ( ) bnd
430
431 Scast{ry &0} o <, X, TypeErr(ry, £)
432 if —pointsto(Z, £y) ocind 71
433
434
125 Scast{nn =1} by —, = TypeErr(zy, &)
436 if —pointsto(Z, £y) xind 70
437
438 Smon{n & nllh <, X[l (f,some(ry,2))], &
439 .
o if &1 ¢ dom(2)
441 and pointsto(Z, ) = v where v = i or True or False
442 andook Aol T

443

o Smon{nemnil <, Z(mon{fit(r) < fit(zz)} & mon {snd(r)) < snd(r2)} t2)

446 if 2(6) = (b1, £2), )

448 Emon{n &nllh =, 2l — (f,some(r1,2))], &

if &1 ¢ dom(2)

449

450

451 and pointsto(2, &) = v and v = A(xp:71). €9
452 ando ol i Avek T

453

454

155 S,mon{rg &}l =, % TypeErr(r, &)
156 if —pointsto(Z, £y) mfnon 71

457

Smon{rg &=n}b <=, 2 Typekrr(n, &)

459
: ~ L

1o if =pointsto(Z, &) <ryon 70

461

462 3,if £y then eg else ez —; X, e;

463 if pointsto(Z, &) = True

464

465

166 3, if £ then ej else ez —; X, ez

467 if pointsto(Z, f) = False

468 2023-04-10 15:45. Page 9 of 1-104.



469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487

489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520

10

3, if £ then e else ez —; X, Wrong
if pointsto(Z, £y) # ¢ or True or False

>, assert g £ —, 24
if pointsto(Z, &) mﬁheck )
>, assert 7y £y —, X, TypeErr(ro, &)

: ~ L
if —pointsto(Z, £y) ek 0
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521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546

547

561

572
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1.5 Operational Semantics Simulation Result

To compare the two semantics, we have to define a relation that compares values between the two languages. The store

semantics will represent:

(1) Guards as a linked list of pairs of types, ending at a lambda with no types.
(2) Pairs as a pointer to the two subcomponents, with no types.

(3) Base values as a linked list of pairs of types, ending at a base value with no types.

We capture this in the following value equivalence:

2(6) = ((br. £2), )

(Z,60) =0 >(¢) = (£, some(7’, 7))
pointsto(Z, £) = v (Z,6) =0 ) =0 ()= (Ax:1.e,_)
t=v (%, €) = {v1,02) o) =grd{r’ =1} o ) =Ax:t.e

THEOREM 1.1 (STORE AND NON STORE OPERATIONAL SEMANTICS ARE EQUIVALENT).

e —7 ¢’ ande’ is irreducible iff V3. 3%/, ¢. (3,e) —] (¥',€) and (3, ) = ¢’

2023-04-10 15:45. Page 11 of 1-104.
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72 Simple Typing

574

5 2.1 Simple Definitions
576

577 Simple language

o7 x|n|i|True|False | A(x:7).e| (e,e) | app{r}ee|fst{r}e|snd{r}e| binopee | cast{r & r} e|if e then e else e

®
1

579
Nat | Int | Bool | zX7 | 71— 7| *

Q
1]

580
581 binop := sum | quotient

582 r = | T, (x:7)
o8 n =N

i =7

584
585
586
587
588

590

91 T-VAR

502 T-Nat T-INT T-TRUE T-FALSE
(x0:70) € T

593

594 To Fsim X0 : To

595

Iy Fsim no : Nat Iy Fsim o : Int Iy Fsim True : Bool Iy Fsim False : Bool

506 T-PAIR
597 T-Lam To Fsim €0 : 70 T-CasT

598 To, (x0:70) Fsim €0 : T1
599

Io Fsim €1 : 71 Io Fsim €0 : 70

Io Fsim A(x0:70). €0 : T =11 To Fsim (€0, €1) : T0XT1 Io Fsim cast {11 =10} eg : 71

600

0
601 T-Binopr
602
w0 T-App To Fsim €0 : 70
604 To Fsim €0 : T0—T1 T-FsT T-SND To Fsim €1 : 71

605 ro Fsim €1 : 70 F() Fsim €0 : ToXT1 r() Fsim €0 : ToXT1 A(binop, 70, Tl) =13

606

o Fsim app{ri}eo e1: 71 To Fsim fst{zo} €0 : 70 To Fsim snd{r1} eo : 71 To Fsim binopegeq : 72

607
608 T—IF
609

T Fsim €o : Bool T-Sus
610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

I Fsim €1 : 70

Io Fsim €2 : 70

Ty Fsim if €g then eq else e : 19

T ST 1< T3 R SE)

Io Fsim €0 : 70

Ty S 71

Io Fsim €0 : 71

T1 < T3

Nat <t Int TOXT] < T2 XT3

T 7T <

T T3 T0 <70
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626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
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A : binopXtXT — T

A(sum, Nat, Nat) = Nat
A(sum, Int, Int) = Int
A(quotient, Nat, Nat) = Nat
A(quotient, Int,Int) = Int

2023-04-10 15:45. Page 13 of 1-104.
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73 Tag Typing

678

679 3.1 Definition

680

681 Simple language

o8 e = x|n|i|True| False | A(x:K).e | (e,e) | app{K}ee | fst{K}e|snd{K} e | binopee | cast{K < K} e | if e then e else e
683

- K = Nat | Int | Bool | #xx | x—= | =

685 binop := sum | quotient

686 r = | T, (x:Kp)

o7 n =N

688 .

659 i =Z

691

o TV TN. TI TT TF

9- -NAT -INT -1RUE -FALSE

o (x0:Ko) € To

694

695 To Ftag X0 : Ko Io Ftag no : Nat To Ftag io : Int Io Ftag True : Bool Iy Ftag False : Bool
696

607 T-PAIR

698 T-LAM To Ftag €0 : Ko T-CAST

699 To, (x0:Ko) Ftag €0 : K To Ftag €1 : Ki Ty Ftag €0 : Ko

700

o1 To Ftag Alxo:Kp). eg : x— = To Ftag (eg, 1) : =X To Ftag cast {Ki € Koy} e : Ky

702 T-Binop

703 r ) K

o T-Arp 0 Ftag €0 : Ko
05 Tp Frag €0 : % —* T-Fst T-Snp To Ftag €1 : K3
706 Io Ftag €1 : Ko To Ftag €0 @ *Xx o Ftag €0 @ *Xx A(binop, Ko, K1) = Ko
707 .

208 To "tag app{Kl} eog e1 : Kq To "tag fSt{Ko} eo : Ko To "tag snd{Kl} e : K1 To "tag bmopeo e1: Ky
709 T-Ir

710

. I Ftag €o : Bool T-Sus

o T Ftag €1 : Ko T Ftag €0 : Ko

713 To Frag €2 : Ko Ko <Ky

" Iy Ftag if ey then eq else ey : K To Ftag €0 * Ki

715
716
717
718
719
720
721
722
723
724
725
726
727

728 2023-04-10 15:45. Page 14 of 1-104.



729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760

7

=N

1
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779

780
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3.2 Simple Typing Implies Tag Typing

THEOREM 3.1 (SimPLE TYPING IMpPLIES TAG TYPING). IfT Fgjy € : 7 then T Ftag et :|z].

it =i

bt =b

(e1, 92>+ = <3T, e;

(Ax:t.e)* =Ax:|r].e"
(app{r}er e2)” =app{lrl}ef e;
(fst{r} e)* =fst{[z]} e"
(snd{r}e)* =snd{[7]}e"
(binopey ez)* = binopef e5

(cast{r’ =1} e)"  =cast{lr] = |z]} e’

(if eq then ey else e3)* = if e;r then ez+ else e;

T,x:0)"=T"x:|7]

.+ =

15

Proor. By induction over the typing derivation. The typing rules have a one to one correspondance, so each case

follows by the induction hypothesis.

2023-04-10 15:45. Page 15 of 1-104.
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781
782
783
784
785
786
787
788
789
790
791
792
793
794
795

797
798
799
800
801
802
803

804

806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824

826
827
828
829
830
831
832

16

4 Truer Transient Typing

4.1 Definition

Simple language

e BES
T = Nat | Int | Bool |
K = Nat | Int | Bool |
binop = sum | quotient
r = - | T, (x:Kp)
n = N
i =27
tag of
LInt] = Int
[ Nat] = Nat
[Bool] = Bool
[tx7/] = *x=x*
[* > '] = «—> =
L] = %
k
T
z_/
Ut =
Int
T
Uz X Ur)
* — (12 U 1))

TXT | *—> 7| *| L

Xk | ko | %

if 7=x
orr’ =%
or |r] # |7]
and7# Land 7 # L
ifr =1

ifr=1

if 7=Natand 7’ =Int

or 7 = Int and 7’ = Nat
ifr=1
ifr=rXnand7 =1 X1

ifr=%—>rnand7 =% — 7

it =

Nat

TNz X2 M1

* — (Tgﬂ’l’é)

x|n|i|TruelFalse | A(x:K).e | (e,e) | app{K}ee|fst{K}e|snd{K}e | binopee | cast{K < K} e | if e then e else e

if 7=1
ort/ =1
or |r] # | 7]
and 7 # * and 7/ # *
if 7/ =%

if 7=x%

if 7=Natand 7’ =Int

or 7 = Int and 7’ = Nat
ifr=1
ifr=7 xnand? =1/ X1;

ifr=+—nand7 =*— 1)

2023-04-10 15:45. Page 16 of 1-104.



833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
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typing
TVar TN TI TT TF
“NAT “INT “TRUE “FALSE
(x0:Ko) € Ty
Ty Feru X0 : Ko To Firu no : Nat Ty Firy o : Int Iy Ftry True : Bool Ty Firy False : Bool
T-PAaIr
T-Lam To Ftru €0 : 70 T-CasT
To, (x0:Ko) Ftru €0 : T1 Io Ftru €10 71 To Ftru €0 @ To
T Feru ).(X():Ko). ey *—1T To Feru <€0, €1> L ToXT1 Ty Fry cast {K1 = Ko} eo: KiMKoMro
T-Arp T-ArpBoT
To Ftru €0 : x> 11 To Feru €0 : L T-Fst T-FsTBoT
To Ftru €1 : T(; To Ftru €1 : T6 To Ftru €0 : ToXT1 To Ftru €0 : L
To Firu app{Ki}eoe1 : K1 M7y To Ftru app{Ki}eo €1 : L Ty Ftru fst{Ko} eo : Ko Mo To Feru fst{Ko}eo : L
T-Binop
T-SND T-SNpBOT To Ftru €0 : 70
TIo Feru €0 : ToXT1 Io Ftru €0t L Io Feru €1 : 71

T Ftru Snd{Kl} e : KiMn

T-Ir
To Ftru €0 : Bool
Io Feru €1 : 70

Io Feru €2 : 71

Ty Firy if eg then eq else ep : 79 LI Ty

A : binopXTXT — T

A(sum, Nat, Nat) = Nat
A(sum, Int, Int) = Int
A(quotient, Nat, Nat) = Nat
A(quotient, Int, Int)
A(binop, L, 1)
A(binop, 7, L)

= Int
= Lifr=NatorIntor L
= Lifr=NatorIntor L

T<T

To ST 70 < 72 71 <173

T0 <171 ToXT1 < T2 XT3

2023-04-10 15:45. Page 17 of 1-104.

Ty Ftru snd{K1} e : L

To Ftru binopeg eq : A(binop, 1o, 1)

T-IrBot
To Feru €0 ¢ L T-Sus
To Firu €1 : 70 To Fru €0 : 70

Io Fru €2 : 11 T0<T

To Firy if €g then e else ep : L To Fery €0 : T1

0 <17
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4.2 Simple Typing Implies Truer Transient Typing

it =i

bt b

(er,e2)" =(ef.e3)

(Ax:ze)? =Ax:|z].e"
(app{r}e; e2)* =app{lz]}el ef
(fst{r} e)* =fst{|z]}e*
(snd{r}e)” =snd{[z]}e"

(binope ez)” = binope] e}

(cast{r’ =1te)t =cast{|r] = [r]}e"

(if eq then e else e3)™ = if el+ then e; else e;

Tx:o)t =Tt x: 7]

.+ =

The following proofs will use the fact honest transient types with LI and M form a lattice ordered by <.

LEMMA 4.1 (LATTICE JOIN IDEMPOTENT). TUT =7

Proor. By induction on the structure of 7, in each case following immediately from the definition of LI. O

LEMMA 4.2 (LATTICE JOIN ABSORPTION). 7o LI (79 M 71) = 79

Proor. By induction on the structure of 7p; in each case by induction on the structure of 71, in each case following

immediately from the definitions of Ll and M and the prior lemma. O
LEMMA 4.3 (LATTICE MEET IDEMPOTENT). 7117 =7
Proor. By induction on the structure of 7, in each case following immediately from the definition of M. O

LEMMA 4.4 (LATTICE MEET ABSORPTION). 7o I (19 LI 71) = 79

Proor. By induction on the structure of 7p; in each case by induction on the structure of 71, in each case following

immediately from the definitions of Ll and M and the prior lemma.

LEMMA 4.5 (LATTICE ORDERING IMPLIES <). Ift =717/, thent < 7’.

Proor. We proceed by induction on the structure of the definition of 7 M ¢’:

]
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L Since T =t Mr, 7= L1;itis immediate that 7y < 7.

7 This case occurs if 7/ = *; consequently it is immediate that 7 < 7’.

7/ In this case, the hypothesis ensures that 7 = 7/, so 7 < 7’ by reflexivity.

Nat In this case, r must be Nat and 7/ must be Int. By definition, Nat < Int.

7 In this case, r = 7/; it is immediate that 7 < 7/.

71 M7y X712 M7, In this case, by the hypothesis, 71 = 71 M 7] and 72 = 12 M 7}, so by induction 71 < 7] and 72 < 7. Then
it is immediate from the definition of the lattice ordering that 71 X7y < T{ X‘ré.

*— 15 M 7}, Inthis case, 7o = 72M7) by the hypothesis, so 72 < 7 by induction; hence it is immediate from the definition

of the lattice ordering that + — tauy < *— 7).

LEMMA 4.6 (LATTICE ORDERING IS IMPLIED BY <). If7 < 7/, thent = (M 7’).

Proor. We proceed by induction on the structure of the definition of <, with the cases of <: inlined:

Nat <: Int This is immediate by the definition of 1.

10X7] <* 1oX73 This is subsumed by the case 7o X 7] < 72X73 below.

70— 71 <' 7o — 13 Because we are considering the lattice of honest transient types, 7o = 72 = *, and this is subsumed
by the case * — 71 < *— 73 below.

790 < 70 This is immediate by the definition of M.

190X71 < 2X73 This rule requires that 7o < 72 and 71 < 73; hence, by induction 79 = 79 M 72 and 7; = 71 M 73. This is
then immediate by the definition of M.

*— 7] < *— 13 This rule requires that 7y < 71, and so by induction 79 = 79 M7y; this is then immediate by the definition
of .

1 <t This is immediate by the definition of 1.

7 < * This is immediate by the definition of .

THEOREM 4.7 (SIMPLE TYPING IMPLIES TRUER TRANSIENT TYPING).

IfT bsim € : T then Tt by et 2 7/ wheret’ < | 7).

PRroOF. Proceed by induction on the simple typing derivation:

T-Var By the definition of lowering, if x : 7 € T, then x : | r] € T, so T-Var applies and | ] is precisely the 7’ such that
I“ret:7and < |7].

T-Nat, T-Int, T-True, T-False For each base type literal, a corresponding rule exists in the honest transient type
system, which ascribes the same time (which is also equal to, and hence below in the lattice, the original simple
type).

T-Lam Consider arbitrary Iy, xo, 70, €g, 71, such that Ty + A(xo :79). €o : 70 — 71. Then by induction we know that
(T, (x0) : 70)* F € : 77, for some 7] < |71 ]. Note that (o, (xo : 70))* =T}, x0 : | 70] by definition, and similarly
that (Axo : 79.€0)* = A(x0:L70]). €5 by definition. Then T-Lam applies s.t. T; + A(x0:Kp). e : *— 7;. Note that
70 = 71] = ¥ —* < *—* by the definition of lattice ordering, completing the proof.

T-Pair Consider arbitrary Iy, e, e1, 70, 71, s.t. Ip + e : 7 by simple typing rule T-Pair if e = (eg, e1) and 7 = 79 X7;. Then

+ ’

: : ; ’ ’ + + . Tt . ’ ’ ; ;
by induction, there exist some 7j and 77, s.t. I} +ef : 75, I s ef 1 77, 70 < L70], and 7 < |71]. Then instantiate
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7’ = 79 X11; it is clear that the honest transient typing rule T-Pair applies, since ({eo, e1))* = {ej, €], and it is
immediate by the definition of < that 7/ < |[79X1;] = *Xx.

T-Cast Consider arbitrary Iy, eg, 70, 71, s.t. Iy F e : 7 by simple typing rule T-Cast if e = cast {rp < 71} €9 and 7 = 7y.
Then by induction, T + ef : 7] for some 7; s.t. 7) < | 70]. Instantiate 7’ by 71| 1 | 70] M 7; then it is clear that
the honest transient typing rule T-Cast applies, since by definition e* = cast {| 7| < [71]} €. It remains to be
shown that [71] M [7o] M 7} < | r1]; this follows immediately from the properties of the lattice meet operation.

T-App Consider arbitrary Ty, eg, 79, 71 s.t. Iy F e : 7 by simple typing rule T-App if e = app{r1} €0 €1 and 7 = 7y. Then
by induction, T + €] : 7; for some 7; < |79 —71] = *—*, and I + ef : 7; for some 7] < | 0. By inspection
of <, note that 7; must be either L or »— 7] for some ;. Note that e = app{[ 71} ¢ €], and so in the former
case T-AppBot syntactically applies and in the latter T-App; consider each case:

77 = L: Instantiate 7" = 1; then it is clear that Tj +- ¢’ : 7’ by T-AppBot. Then L < | 7] is immediate by the
definition of lattice ordering.

1) = +—17): Instantiate 7’ = | 71| M/; then it is clear that I + €’ : 7" by T-App, so what remains to be shown is
that | 71| M 7; < | r1]; this is immediate by the definition of meet on a lattice.

T-Fst Consider arbitrary Iy, eo, 79, 71, s.t. Ip + e : 7 by simple typing rule T-Fst with premise Iy + ey : 79X 17 if
e = fst{ro} ep and 7 = 79. Then, by induction, I[j - e : T;, s.t. TI’, < |roX711] = *X*. By inspection on <, note that
T;, must be either L or 7,0 X1, for some 7, and 7p,. Since e* = fst{| 79|} e7, the rule T-FstBot applies in the
former case, and similarly T-Fst applies in the latter. Consider each of these cases:

7, = L: Instantiate 7’ = 1; I + e : 7’ by T-FstBot, and L < | o] follows immediately from the definition of
lattice ordering.

Tl’, = Tpo X Tp1: Instantiate r’ with | 7] M 7. Then Iy ket : 7/ by T-Fst,and 1’ < | 1o] by the the definition of
meet on a lattice.

T-Snd Consider arbitrary Ty, eg, 70, 71, s.t. Ip F e : 7 by simple typing rule T-Snd with premise Iy F ey : 79X 77 if
e = snd{r1} e and 7 = 1. Then, by induction, 1"0’ Fe: Té s.t. rj’, < |79 X711] = *X=*. By inspection on <, note
that rz', must be either L or 7p(X1,7 for some 7, and 7. Since et =snd{|71]} eg, the rule T-SndBot applies
in the former case, and similarly T-Snd applies in the latter. Consider each of these cases:

Tj’, = 1: Instantiate 7/ = L; FJ et : 7 by T-SndBot, and L < | 71] follows immediately from the definition of
lattice ordering.

T, = TpoX7p}: Instantiate 7’ with [71] M7p]. Then I + e : 7/ by T-Snd, and 7’ < | 71] by the the definition of
meet on a lattice.

T-Binop Consider arbitrary Iy, binop, ey, e1, 79, 71, and 72, s.t. Iy I e : 7 by simple typing rule T-Binop with premise
A(binop, 19, 71) = 72 if e = binopeg e; and 7 = 72. By induction, note that I + ej : 7, for some 7} < | ], and
T+ ef : 7] for some 7] < |71]. Note that for the simple typing A(binop, 7o, 71) to be defined, 7o and 7; must
each be either Nat or Int; consequently, by inspection of the lattice order, 1'6 and T{ must each be Nat, Int, or L.
Then by inspection, in any such case, A(binop, 1'(’), T{) is defined and < A(binop, 79, 71) = 2. Then instantiate 7’
with 2] M A(binop, 7}, 7;); since e* = binopeg e1, the rule S-Binop applies, and by the definition of meet on a
lattice, | 2] < 7’.

T-If Consider arbitrary T, eg, e1, €2, 70, s.t. Ip + if e; then ey else e3 : 79 by the T-If simple typing rule. Let
e = if e; then ey else e3 and 7 = rp. Then by induction, there exist some 7/ < |Bool] = Bool, Té < |7o0), and

7 < lnol st I Feg i 7, I Fef : 7), and I :+ €5 : 77. Notice that 7; may be only L or Bool, by the definition
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of lattice ordering. Since e* = if e; then e} else e], in the former case the rule T-IfBot applies; in the latter the
rule T-If applies. Consider each of these cases:
T]; = 1: By T-IfBot, I]  e* : 1, so instantiate 7’ = L. Notice then that L < | 7] by lattice ordering, so the proof
is completed.
7, = Bool: By T-If, [ + e : 7 Ll 7{. Instantiate 7’ by 7j U 7{; then we must show that 7’ < |z]. Since
75 < |70] and 7] < |70, [ 70] is an upper bound of 7 and 7{. By the definition of join on a lattice, 7] LI 7] is
less-than-or-equal-to any other upper bound of 7y and 71, so this is shown.
T-Sub Consider arbitrary Ty, e, 71, 79, s.t. Iy + e : 7 by simple typing rule T-Sub with premise 79 <: 77 if e = ep and
7 = 71. By induction, Ty  e* : 7, for some 7/ < | 79]. Then instantiate 7" = 7. It is immediate that [ - et st
remains to be shown that 7’ < |7 ]. Since 7y <i 71, 70 < 71. By Lemma 4.8, | 9] < |71]. Then by Lemma 4.9,

T =1 < || < |nlsor < |l

LEMMA 4.8 (LATTICE ORDERING IS PRESERVED BY TAG-OF). If 1y < 11, then |10 < |71].
PRrROOF. By cases on the structure of the definition of <; in each case the lemma is immediate. m}
LEMMA 4.9 (LATTICE ORDERING IS TRANSITIVE). If7 < 7/ and 7’ < 1"/, thent < 7.

Proor. By induction on the structure of the definition of 7 < 7’ (generalized with respect to 7’’), with the cases of

<: inlined:

Nat <: Int: Since by assumption Int < 7/, it is clear by inspection that 7’/ must be either Int or #; in either case
Nat <: 7/ is immediate.

T0X71 <* 12X713: This is subsumed by the case 7o X711 < 72X73 below.

10— 11 <' 7o — 13: Because we are considering the lattice of honest transient types, 7o = 72 = *, and this is subsumed
by the case * — 77 < *— 13 below.

7 < 1: Since by assumption 7’ < "/, r =17 < 1.

ToX71 < T2X73: Since by assumption 7’ = 7oX73 < 77/, it is clear that 7’/ must be either * or 7}’ x7]” for some 7;’, 7{’ s.t.
T < 2'6’ and 13 < T{’ .If 77 is #, the lemma follows immediately. Otherwise, note that this rule requires that

’7
1°

*— 1) < *—13: Since by assumption 7" = x— 13 < 7/, it is clear that 7" must be either * or *— 7/’ for some 77’ s.t.

70 < 7 and 73 < 73; hence, by induction, 7y < r(;' and 71 < 7!/, and therefore 7 < 7/7.
13 < 17 If 7”7 is *, the lemma follows immediately. Otherwise, note that this rule requires that 71 < r3; hence,
by induction, r; < 7;’, and therefore 7 < 7",

1 <7 7=_1 < 7" is immediate by the definition of lattice ordering.

7 < * Since by assumption 7’ = * < 7/, 7’/ must be #, and so the lemma follows immediately.
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4.3 Tag Typing Implies Truer Transient Typing

THEOREM 4.10 (TAG TYPING IMPLIES TRUER TRANSIENT TYPING). IfT tiag € : K then 37 < K such thatT by e : 7.

Proor. By induction over the tag typing derivation.

TVar TN TI TT TF
-NAT -INT -1RUE -FALSE
(x0:Ko) € Ty
o Ftag x0 : Ko Iy Ftag no : Nat To *tag io : Int Io Ftag True : Bool Iy Ftag False : Bool

These cases are immediate by applying the corresponding truer typing rule and from premises.

T-Ir
T-PAIR To Ftag €o : Bool TSus
T-Lam Iy Ftag €0 : Ko Io Ftag €1 : Ko To Ftag €0 : Kp
To, (x0:Ko) Ftag €0 1 Ki To Ftag €1 1Ky Iy Ftag €2 : Ko Ko <K
T Ftag A(x0:Kp). €o : % — % To Ftag (€0, e€1) @ *Xx* T Ftag if e then eg else ez : Ko I Ftag €0 : K1

These cases follows by the induction hypothesis and the corresponding rule.

T-Arp
To Ftag €0 : x— % T-FsT T-SND
To Ftag €1 : Ko To Frag €0 @ %X To Ftag €0 @ %X
To Ftag app{K1} eo e1 : K1 T Ftag fst{Ko} e : Ko To Ftag snd{K1} e : K1

These cases follow by induction and their corresponding typing rule, with the caveat that if the truer type of the

premise is L, the corresponding bot rule must be used.

T-CasT
To Ftag €0 : Ko
Ko ~ Ky

Ip Ftag cast {Ki = Ko} eo: Ky

This case follows by induction and applying the bnd rule in truer, noting truer doesn’t require any relationships

between the type of what’s underneath and the tags on the bnds.

T-Binop

To Ftag €0 : Ko

To Fag €1 : K3
A(binop, Ko, K1) = K3

To "tag binopeo e1: Ky

This case follows by induction, noting that if either of the truer types corresponding to Ky or Kj are L, then the
result type is L. If the truer types are different, ie one is Nat and the other Int, we apply subsumption to get both at Int,
and then can apply the binop rule. Otherwise, we directly apply the binop rule.

[m]
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5 Vigilance

5.1 Vigilance Logical Relation
[Tree:z]t 2 V(k¥,35y) € GYT] where % : (k,¥). (k, ¥, y(e) € L[ 7]

GHITx 7] 2 {(k ¥, 2 y[x > €]) | (k¥ 2,y) € GE[T]
At € dom(¥) At ¢ dom(y)
A (kY3 0) € VE[r]k}

Glel = {(k,¥.%,0)}

X2 Ve dom(2). 2(¢) = ((£',some(r’, 7)) A T’ o« pointsto(Z, £) A T o« pointsto(Z, £)
A = %X oc pointsto(Z, £))

V 2(¢) = (v, none) where v ¢ L

3 (kP) £ dom(3) =dom(¥) A 3 A Vj<ktedomT).((j,¥21) € (VWL[‘I’([)]]
AEW@) = (¢, some(r, 7)) = V() = [r, 7, YAV =[",.. ] rnT’ < ')
A (Z(2) = (v,none) Ao ¢ L = Ir.¥(¢) = [1]))

This is an unfolded version of the definition in the paper. We break up the definition there for ease of explanation, and

unfold here for ease of use.

(,¥) 3 (kW) 2 j < k AVE € dom(¥). ¥ (£) = ¥(£)

EHMT] £ {(k ¥, Ze) | Vj < k.VE' 25, (S,e) —7) (2,¢) Adirred(e’)
= (¢ =Er*V@k-1¥)3kP).S: (k=i ¥)A(k-j, .5 ) e VHZ])}

VHInt, 13,...14] 2 {(k, V.5, 0) | V1 € [Int, 10, ... 1]. (k, ¥, 5, 0) € VE[]}
VHE[Nat, 1, ... 1] £ {(k,¥,%,6) | Vr € [Nat, 13,...7]. (k, ¥, 3, £) € VI[]}

VH[Bool, 72, ... 1a] £ {(k, ¥, 3, ¢) | ¥r € [Bool, 73, ... ]. (k, ¥, %, ) € VL[r]}
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1197

1198

e VHE X1} 10t 2 {(k W, 5,0) | 2(6) = (01, &2), )
jjzf A (kY3 0) € VHY[ T, fst(za), . .. fot(tn)]
1202 A (kY3 0) € VHE[ ], snd(ry), ... snd(m) ] }

1203
1204
1205
1206

S VHY > o] £ {00 %50 [ VG 3 (6 9), 3 2 3 where 3 : (%),

1208

1209 V1o where cod(r]’) <: 79.¥t, where (j, ¥',%',£,) € (VL[[T{]].
:r (W', 3", app{to} € £,) € EH"[ [70, cod(z2), ... cod(tn)]] }
1212

s VHM s m] 2 {6 Y50 | (k-1,9,5,¢) € VH [Int, 1, . 4]

12 (k-1,¥,3,¢) € (VWL[BOOI, 2. - Tl

1215
1216 Vik-1,%9,%,¢) EVHL[*X*,TZ,...,T,,]]
1217
s Vk-1,93¢) € VH [+ - 10 ....m0]}

1219

1220

1221

1222

1223

228 Elr] £ {(k, ¥, %) | Vj < k. V' D¢ (Se) —>£ (X',€’) Adrred(e’)

1225

. = (e =Er*Vv@3k-9)3 (V). : (k- j¥)A (k- 9.5 ¢) e V]))}
1227
1228
1229
ii? "VL|[lnt]] 2 {(k,?,3, ¢ | pointsto(Z, £) € Z}

1232

125 YL[Nat] = {(k,¥,%,¢ | pointsto(Z, ¢) € N}

1234

1235

26 VL[Bool] £ {(k, ¥, 3, ¢ pointsto(3, ¢) € B}

1237

1238

e Vo xn] 2 {(k¥,2,0) | 2(0) = (0, &), ) A (5E,50) € V] A (kY35 6) € Viz]}
1240
1241
1242
1243

Vo - ] £ {(kY,2.0) | V(. ¥) 2 (k, V). VE' 2 3 where 3 : (j, ¥').

1244

1245 Ve, where (j,¥',3',£,) € VE[1r1]. V0. where 1, <: 19
1246

(¥, 3 app{ro} £ &) € E[w0]}
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V] 2 {(k¥,5,0) | (k- 1,7,5,¢) € VE[Int]
(k—1,¥,3,¢) € VE[Bool]
V(k = 1,¥,%,¢) € VE[xx ]
V(k -1, ¥, ) € VE[x — «]}

5.2 Vigilance Theorem

TCrpe:rthen [T+ e: o]t
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5.3 Vigilance Fundamental Property for Natural with Simple Typing

In this subsection, weuse ' - e : T to mean T kg, € : 7.

5.3.1 Lemmas Used Without Mention

LEMMA 5.1 (STEPPING TO ERROR IMPLIES EXPRESSION RELATION). If (3, €) —>;\] (3, Err®) then (k,¥,3,¢e) € SNIIT]]

Proor. Ifk < j, then we’re done because the condition in the expression relation is vacuously true.
Otherwise, we can use j as our steps, X’ as our ending value log, and Err® as our irreducible expression, and we satisfy

the condition in the expression relation. O

LEMMA 5.2 (STEPPING TO ERROR IMPLIES EXPRESSION HISTORY RELATION). If (2, €) _){V (X', Err®) then (k,¥,3,e) €

EHN[7]
PRroOF. Similar to the previous proof. O

LEMMA 5.3 (ANTI-REDUCTION - HEAD ExPANSION - ExPRESSION RELATION COMMUTES WriTH STEPS). If (K, ¥/,3/,¢’) €
EN[r] and (2, e) —>§V (2',¢') and 3’ : (k,¥’) then (k +j, ¥, %, e) € EN[r]

Proor. Unfolding the expression relation in our hypothesis, there exists (2/, ¢’’), j’ such that (3, ¢") —>{\/] =", ¢e")
and (2", e”") is irreducible.
Either e’/ = Err®, in which case (3, €) —>{;’j1 (2", Err®), so we're done.
Otherwise, there is a (k — j’, ¥”’) 2 (k, ¥’) such that 3" : (k — j/, ¥""), and (k — j*,¥"", 5", ¢”") € VN[ r].

Using this information, we can show (k + j, ¥, %, e) € EN[z] by noting (5, e) —>{\;rjl >, e"). O

LEMMA 5.4 (ANTI-REDUCTION - HEAD ExPANSION - ExPRESSION HisTOrRY CoMMUTES WiTH STEPS). If (k, ¥/,3/,¢’) €
EHN[7] and (3, ¢) —>;\[ (3,¢') ands’ : (k,¥’) then (k+ j,¥,%,¢) € EHN[7]

ProoF. Similar to the previous proof. O

LEMMA 5.5 (THE OPERATIONAL SEMANTICS PRESERVES WELL FORMED VALUE LoGs). If+ 3 and (Z,e) —}, (', ¢€)
thent+ ',

Proor. The proof is immediate by inspection of the Operational Semantics. O

LemMA 5.6 (NoT ENOUGH STEPS IMPLIES ANY EXPRESSION RELATION). If (3, €) —>’f\] (%',¢’) and (3, ¢€’) is not
irreducible, thenVj < k. (j, ¥,%,e) € EN[7] and (j, ¥,3, ) € EHN[7].

Proor. Both conclusions are immediate, since the implications in the relations are vacuously true. O
LemMA 5.7 (THE OPERATIONAL SEMANTICS ONLY GROWS STORES). If (Z,e) — 7, (2',¢) then I’ 2 3.

Proor. This is a corollary of Lemma 5.8. O

5.3.2 Lemmas Used With Mention

LEMMA 5.8 (THE OPERATIONAL SEMANTICS PRODUCES VALUE LoG EXTENSIONS). If (2, e) —>}‘V (2',¢’), then 3t C
dom(3’) such that ¢ ¢ dom(X) and ¥’ = X[t — (v,_)].
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Proor. By inspection of the Operational Semantics, no steps modify the value stored in the value log, meaning
¥ 23
And also by the inspection of the Operational Semantics, there is exactly one rule to allocate new entries in the value

log, meaning 3’ \ ¥ is a suitable choice for [£ > (v, )]. O

LEMMA 5.9 (STEPS ARE PRESERVED IN FUTURE VALUE Logs). If(Z, e) —>{V (2',¢e’)andt ¢ dom(Z’) then (Z[€ — (v,_)],e) —>;\]
' (v, )] ¢).

Proor. Since all of the added locations are not in 3/, and therefore also not in 3, no rule that will lookup a label in
the derivation tree for (3, e) —>{V (3, ¢’) will find a different value or type.
The only remaining notable reduction steps are those that allocate a new label and value entry, but since ¢ ¢ dom(X’),

we can allocate the same entry unchanged. O

LEMMA 5.10 (SUBTYPING PRESERVES LOGICAL RELATIONS). V3, k, ¥, 7,7". where 3 : (k,¥) and r < 7'

(1) If(k, ¥, %, e) € EN[z] then (k,¥,%,e) € EN[[7]
@) If(k,¥,%,¢) € VN[z] then (k,¥,%,¢) € VN[']
3) If (k, ¥, %, e) € EHN|[1,7] then (k, ¥, %, e) € EHN[7, 7]
@) If (k, ¥, %,0) € VHN[r,7]| then (k, ¥, %, ¢) € VHN[,7]

PRroOF. Proceed by mutual induction on k and :

e k =0:Both 1 and 3 are immediate if e # ¢.
If e = £ then 1 and 3 follow immediately from 2 and 4.
2 and 4 follow identically in the k = 0 case as they do in the k > 0 case, but the function case is vacuously true.
e k>0:
(1) Unfolding our hypothesis, there is some (3, ¢’), j such that (, e) —>{V (=, ¢e).
If ¢/ = Err® then we’re done.
Otherwise, there is some (k — j, ¥’) 2 (k,¥’) such that 3’ : (k — j, %) and (k — j, ¥", %, ¢’) € VN[ 7].
We now have two obligations:
a) (k—j,v,%,¢)eVN[].
b) ¥ : (k- j,¥).
For a) by IH 2) (not necessarily smaller by type or index), we have (k — j, ¥/,3’,¢’) € VN[ '], which is

what we wanted to show.

For b), this is immediate from the premise.
(2) Casesplitont <:7’:
i) 7 <' 7: immediate.

ii) Nat <: Int: immediate because N C Z.

iii) 71 X 72 <* 7] X 1), with 71 <t 7] and 7o <7
We want to show (k, ¥, 2, ¢) € (VN[[TI]].
Unfolding our hypothesis, we get that X(¢) = ((f1, £2), _).
We want to show (k,¥,3, #;) € (VN|[T{]] and (k,¥,3, &) € (VN|[1'§]].
We can apply IH 2) (smaller by type) to both of these judgements to get (k, ¥, =, ;) € VN [z;] and
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®)

4

(k9,2 6) € VN[7].
This is sufficient to show (k, ¥, %, 2(¢)) € VN['].

’
1

We want to show (k, ¥, %, £) € VN[].

Let (j,¥’) 2 (k,¥) and 3’ 2 ¥ such that 3’ : (j, ¥’).

Let £, € dom(Z’) such that (j, ¥’,3’, &) € VN[]].

Let 7p >! 7.

We want to show (j, ¥’,%, app{w} £ &) € SN[[TO]].

From IH 2) (smaller by type) applied to the facts that (j, ¥/, %', £,) € VN [z;] and that 7 < 7 gives
us (j+1,¥,%,4) € (VN[[rl]],

Then, we can apply our hypothesis about %(£) (noting that 7y >: 7 > 72) to get (j, ¥’, %', app{rno} £ &) €

— 1, with 7] <t rpand 72 <t 7

) on<t 5

EN[z]), which is what we wanted to prove.
Unfolding our hypothesis, we get that there are some (3, ¢”), j such that (3, ) —>;\[ (2,¢’) and (3, ¢)
are irreducible.
If e’ = Err®, then we’re done.
Otherwise, there is some (k — j, %) 3 (k, ¥) such that 3 : (k—j,¥’) and (k—j, ¥/, %', ¢’) € VHN[z,7],
which means 3¢ € dom(2’) such that e’ = ¢.
Then by IH 4) (not necessarily smaller by type or index) with 7 <: 7/, we get (k—j, ¥/, 3’,¢) € VHN [, 7],
which is what we wanted to show.
We want to show (k, ¥, 2, ¢) € (V‘HN[[T',?]].
We case split on 7 <: 7’:
i) 7 =7': immediate by premise.
ii) Nat < Int:
by our premise, we already get that Vz, € 7, (k, ¥, %, ¢) € VN[ z].
Therefore, it suffices to show (k, ¥, 3, ¢) € (VN|[lnt]] given (k,¥,3,¢) € ‘VNIINat]] which is imme-
diate since N c Z.
iii) 71 X 12 <t 1y X 12 with 7y <t 7] and 72 <t 7
by our premise, we get that %(£) = ((£1, &), _) and (k, ¥, %, £1) € VHN[r1, fst(7)] and (k, ¥, 3, &) €
VHN |12, snd(7)].
We can apply IH 4) (smaller by type) to both to get (k, ¥, X, £1) € (V(]‘{NHT;,]‘:SI(?)]] and (k,¥,3, 6) €
VHN[ 2, snd(7)], which is what we wanted to show.

iv) 1 - <
unfolding what we want to show, let =’ 2 =, (j, ¥’) 2 (k, ¥) such that 3’ : (j, ¥’).
Let £, € dom(3’) such that (j,¥’,%,£,) € (VN[[T{]].

Let 7y <t 7).
We want to show (j, ¥’,%’, app{r0} ¢ &) € EHN 1o, cod(7)].

— 7, with 7] <! 7 and 2 <* 7

By IH 2) (smaller by type), we get that (j, ¥’,3’,8,) € VN[z].
We can then apply the fact that (k, ¥, 3, £) € (VWN[[T, 7] toget (j,¥',%,app{ro} £ &) € S‘HN[[TO, cod(7)],

which is what we wanted to show.
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]

LEmMA 5.11 (RV-Monotonicrty). If2 : (k,¥) and0 < j < k and3’ 2 S and (k- j,¥’) 3 (k,¥) and3’ : (k—j, V')
and (k,9,%, ) € VHN[7] then (k - j, ¥, 3", ¢) € VHN[7]

Proor. We want to show (k — j, ¥/,3’, f)’VWN[[?]].
Let 7 be the head of 7 so that 7 = [r,...].

We proceed by induction over k and 7:

o k = 0: The function and dynamic cases are vacuously true, and the rest follow as in the other case.
e k>0
i) 7 = Int: immediate because X (¢) = 3’ (¢).
ii) 7 = Nat: same as previous case.
iii) 7 = Bool: same as previous case.
iv) 7 =11 X 12: then X/ (¢) = ({1, £2), _).
We want to show (k — j, ¥’,3/,#) € "V(HL[[rl,jW]] and (k- j,¥',%,6) € (V(]‘(Ll[fz,m]].
We have (k, ¥, 3, £;) € VH[r1, fst(7)] and (k, ¥, 3, £) € VH 15, snd(7)].
Both follow by IH (smaller by type).
V) T=1] — T3
Let (j/,Psi’”’) 2 (k- j,¥’) and " 2 3’ such that 3" : (j/,¥').
Let £, € dom(Z"") such that (j/,¥"”",3",£,) € VN[z].
Let 79 > 1.
We want to show (j/, ¥”, %", app{zo} £ £,) € EN[].
Since (j/,¥’") 3 (k, ¥) and 2”" 2 3, we can apply our premise to finish the case.
vi) 7 = #: note by downward closure, 3’ : (k — j — 1,'¥).
Then we want to show (k — j — 1,¥,3’,£) € VN[Int] or (k—j—1,¥,5",¢) € VN[*x =] or (k—j -
1,9,%,¢) € (VN|[* — x].
We know (k—1,¥,3,¢) € (VN[[Int]] or (k—1,%,3%,¢) € (VN[[* x ] or (k—1,9,3,¢) € (VNII* — ]
The case follows by the IH (smaller by index).

]

LEMMA 5.12 (EXTENSIONS PRESERVE VALUE LoG TYPING). IfS : (k,¥) and0 < j < kand¥’ 2 S and (k—j,¥’) 2 (k, )

and>’ : (k- j, V') andt & dom(>’) and Z[t +— (v,_)] : (k,¥[ > T]) thenY [t — (v, )] : (k- j, ¥ [t — T]).

Proor. Note that all of the conditions in 3'[¢ — (v, )] : (k — j, ¥’[£ — 7]) besides those concerning the history
relation are immediate from the hypotheses.
LetZ” =3'[¢ — (v, )] and let ¥/ = ¥'[¢ — 7).
We want to show Vj’ < k — j, and V¢ € dom(Z"), (j/,9",5",¢) € VHN[¥"(0)].
Note by downward closure, =" : (j/,¥”). If ¢ € dom(X’), then we can apply Lemma 5.11 with the fact that
(', ¥")3(k—j,¥)and 3" 2 3.
If ¢ ¢ dom(3'), then ¢ € ¢.
Then we can apply Lemma 5.11 with the fact that (j/, %) 2 (k, ¥[¢ > 7]) andZ” D S[¢ — (v, )] toget (j/, ¥, 3", ¢) €
VHN[ ¥ ()], which is what we wanted to show. m]
2023-04-10 15:45. Page 29 of 1-104.



30

LEMMA 5.13 (LATER THAN PRESERVED By LOowER StEPS). If (j,¥’) 3 (k,¥) and j’ < j then (j —j',¥’) 3 (k—j',¥).

Proor. Unfolding the world extension definition, we need to show j — j* < k — j* and V¢ € dom(¥), ¥/ (¢) = ¥(¢).
For the first condition, since j < kand j* < j, j—j < k- j’.

For the second condition, we can unfold the hypothesis to get the statement we need. O

LEMMA 5.14 (RE-MonoTonIcITy). IfS: (k,¥) and0 < j < kand¥ 23 and (k—j,¥') 2 (k,¥) and>" : (k—j, V')
and (k, ¥, %, e) € EHN[7] then (k — j, ¥, 3, e) € EHN[7].

Proor. Unfolding the relation in our hypothesis, we get that there is some (2", ¢’), j* such that (2, e) —>j\; =", ¢).
If ¢/ = Err® then we're done.
Otherwise, there is some (k — j/,¥”’) 2 (k,¥) such that " : (k — j/, ¥"") and (k — j/, 9", 3", ¢') € VHN[7].

By Lemma 5.8, 3"/ = [t (v, )]

By the fact that 3" : (k — j’, ¥"’) this also means ¥/ = ¥t — 7).
We also know from =’ 2 T that ' = =[¢/ — (v, _)].

And from 3’ : (k — j, ¥’) that ¥/ = ¥[¢/ — 7'].

By alpha renaming, we can assume that m.

Then by Lemma 5.9, we get that (3, e) —>;\/] &' - (0, )], ¢).

Now, unfolding the expression relation in what we want to show, we have two obligations:
a) B[00 (0, )] (k= j— ., ¥'[¢" = 7).
b) (k—j—j ¥ [ > 7L - (0, )] €) € VHN[7].
For a) we can apply Lemma 5.12. We have a number of obligations:

i) 2: (k — j, ¥): immediate by downward closure.
i) 3" 2 ¥: immediate.
iil) (k—j—j,¥"”) 3 (k- j,¥): by Lemma 5.13.
iv) " : (k- j—j’,¥"”)i: immediate by downward closure.
v) ¢’ ¢ dom(3""): assumed above by alpha renaming.

vi) Z[¢ > (v, )] : (k—j, ¥[¢’ — 7’]): this is exactly 3 : (k — j, ¥’).
For b), we can apply Lemma 5.11 with the fact proven in a). O
LEmMA 5.15 (E-V-MonoToNICITY). IfY : (k,¥) and0 < j < kand¥' 2 S and (k—j,¥") 3 (k,¥) and>’ : (k—j, ¥’)
then
(1) If (k, ¥, %, e) € EN|r] then (k- j, ¥, %, e) € EN[r]
@) If (k,¥,%,2) € VN[z] then (k- j,¥",3",¢) € VN|[1]
ProOF. Proceed by simultaneous induction on k and z:

e k =0: 1) follows immediately from 2).
Proceeds similarly to the other case, but function and dynamic cases are vacuously true.
e k>0:
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1) Unfolding the expression relation in our hypothesis, we get that there is some (2", ¢’), j* such that
(S.e) —L (7,¢).
If ¢’ = Err® then we’re done.
Otherwise, there is some (k—j/, ¥"") 2 (k, ¥) such that 3’ : (k—j’,¥"") and (k—j’, %", 2", ¢’) € VN[ 7].

By Lemma 5.8, 3" = %[€ — (0,_)].

By the fact that 37 : (k — j’, ¥””) this also means ¥/ = Y[t > 7.

We also know from =’ 2 S that 3’ = =[¢’ > (v/, )], and from 3’ : (k — j, ¥’) that ¥’ = ¥[¢' — 7’].
By alpha renaming, we can assume that MTm(Z”).

Then by Lemma 5.9, we get that (3, e) —>;\; E'Te — (0, )], ¢).

Now, unfolding the expression relation in what we want to show, we have two obligations:

a) B[ (0 )] (k=) - ) [0 = 7).
b) (k—j—j, ¥ [t -7t - (', )].€)eVN[r].
For a) we can apply Lemma 5.12. We have a number of obligations:
i) 2 : (k- j,¥): immediate by downward closure.
ii) 3" 2 3: immediate.
iii) (k—j—-j,¥"”) 3 (k- j,¥): by Lemma 5.13.
iv) 3" : (k- j—j’,¥¢”)i: immediate by downward closure.
V) m: assumed above by alpha renaming.
)

vi) [ > (', )] : (k- j,¥[¢’ — 7']): this is exactly 3’ : (k — j, ¥’).

For b), we can apply the IH 2) (not necessarily smaller by type or index) with the fact proven in a).
2) We want to show that (k — j, ¥, %', ¢) € VN[ 7].
We case split on 7:

i) 7 = Nat: then X(¢) = (n,_) where n € N, so the case is immediate.
ii) 7 = tint: same as above.
iii) 7 = Bool: same as above.

iv) 7 =1 X 13: then 2(¢) = ({f1, £2), ).
Unfolding our hypothesis gives us (k, ¥, %, ;) € VN[ ;] and (k, ¥, %, &) € VN[ z].
Applying IH 2) (smaller by type) to both gives us (k- j, ¥/, %", £,) € VN[z;] and (k- j, ¥, 3/, &) €
VN 2], which is sufficient to complete the case.
V) 7=11 > 12:Let 3" 2% and (j/,¥"”) 2 (k — j, V') such that 3" : (j/,¥").
Let ¢, € dom(Z"") such that (j/, ¥, 3", ¢,) € VN[z].
Let 79 > 1.
We want to show (j/,¥”, %", app{zo} £ &,) € EN[0].
Since 2 and J are both transitive, we have X’/ 2 ¥, and (j/, ¥"’) 3 (k, ¥).

Therefore we can apply the hypothesis to complete the case.
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1613 vi) 7= *: we want to show (k- 1, ¥’,%’,£) € VN[Int] or VN[Bool] or VN[ x *] or VN[ — x].
rors This follows from IH 2) (smaller by index).

1615

1616 [m}
1617

1618 LEMMA 5.16 (CHECK 1S A NO OP IN NATURAL). (1) (k+1,%,3,assert g e) € EN[[ 7] iff (k, ¥, %, e) € EN[7].
1619 (2) (k+1,9,%, assertrpe) € 8‘HV[[?]] iff (k,¥,3,e) € S‘HV[[?]].

1620

1o21 ProOF. By the operational semantics, (2, assert 7o ) — N (2, e), so the statement is immediate. O

1622
1623 LEMMA 5.17 (APP ANNOTATIONS DON’T MATTER IN NATURAL). (1) (k+1,%, %, app{ro} e1 e2) € EN[7] iff (k, ¥, 5, e1 e2) €

1624

1625 SN[[T]] ’

1626 2) (k+1,9,3, app{ro} e1 e2) € EHV[7T] iff (k, V. %, e1 e2) € EHV[7].

1627

1628 ProoF. By the operational semantics, (2, app{ro} e1 e2) —n (2, assert 7y e1 €2).

1629 We can apply Lemma 5.16 to complete the proof. O
1630

1631 LEMMA 5.18 (PAIRS OF SEMANTICALLY WELL TYPED TERMS ARE SEMANTICALLY WELL TypED). If (k, ¥, %, 1) € EN[11]

12 and (k, ¥, 3, e5) € EN[ o] then (k, ¥, %, (e1, e2)) € EN[11 x 12].
1633
1654 Proor. Unfolding the expression relation in our hypothesis about e, we get that there are (X, e), j such that
35 i

:% (2, e1) _)j\l (2, e7) and (3, e7) is irreducible.

1637 If e] = Err®, then were done because the entire application steps to an error.

163 Otherwise, there is a (k — j,¥’) 2 (k,'¥) such that " : (k — j,¥) and (k — j, ¥’,%’,¢]) € VYN[n].

1639 This means e; = £ for some £ € dom(%’).

1640

1641 .

16s2  With this and by the OS, we get (2, (e, e2)) —>§v (2, (locy, e2)).
1643
1644 We can apply Lemma 5.15 to our hypothesis about e to get (k — j, ¥’,3’, e2) € EN[2].

1645

ot Unfolding the expression relation, we get that there are (3, e:’z), j’ such that (3, e2) _){\J (=, eé) and (2", eé) is

1647 irreducible.
168 If ey = Err®, then were done because the entire application steps to an error.
1% Otherwise, thereisa (k—j— j/,¥”") 3 (k—j, ¥’) such that 3" : (k—j—j’,¥”) and (k—j - j', 9", 3" e}) € VYN[ z],

1650
o5 which means e;, = £, for some £; € dom(Z").
1652

1653 Putting everything together we get (3, (e1, e2)) —>{\/] (2", {ty, ), with 7 : (k- j — j/, ¥").
151 Note by OS, (2”,{f1,£)) —n (Z”[¢/ — ({£1,£),_)]) where £’ ¢ dom(Z"").

1655

1656

1657 We firstly need 2 [¢/ — ({f1,6), )] : (k—j—j = 1L,Y"'[t/ = ¥ () X ¥ (£)]).

1655 Note the only interesting part of this statement is that VK" < k — j— j/ — 1. (K, ¥ [t — ¥ (&) X ¥ (£)], 2" [t’ —
(), L) e VHYVE () x ¥ (8)]).

i:z(j This is immediate from the fact that %" : (k’, ¥””) from downward closure, and therefore that (k’,¥”,%",¢;) €
wer  VHN[Y”(0)] and (K, 9", 3", &) € VHN[¥"(£)].

1663
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We know that (k — j,¥/,3/,¢]) € (VNIIT1]] and (k — j— j, 9,2, 8) € (VNIIT2]], and Lemma 5.15 with down-
ward closure and the store typing judgement above.

From these facts we get that (k — j — j/ — 1L, ¥”[¢/ = W (8) x ¥ ()], 2" [ = ({&1,8), )],01) € VN[z1] and
(k=j—J =197 [t =¥ (0) x ¥ (L).2 [0 (b, 8)],6) € VN[r].

This is sufficient to show (k — j — j* — 1, ¥ [£' > W7 (£) X ¥ (£)], 2" [¢' > ({£1,8), )], (1, &)) € VN[ x o],

which is what we wanted to prove. O

LEMMA 5.19 (PAIRs OF HiSTORY RELATED TERMS ARE HisTORY RELATED). If (k, ¥, %, e1) € EHN[fst(7)] and
(k,¥,%,e0) € 87—(N|[snd(?)]] then (k, P, 3, (e1,e2)) € SHN[[?]].

Proor. Unfolding the erroring expression relation in our hypothesis about e;, we get that there are (3, ¢/), j such
that (2, e1) —>;\] (2, e7) and (', }) is irreducible.
If e = Err®, then were done because the entire application steps to an error.
Otherwise, there is a (k — j, ¥’) 3 (k,¥) such that 3’ : (k — j, ¥) and (k — j, ¥’,%’,¢]) € VHN[fst(7)].

This means e] = ¢ for some £; € dom(X').
With this and by the OS, we get (Z, (ej, e2)) _’{V (2, (locy, e2)).

We can apply Lemma 5.14 to our hypothesis about e; to get (k — j, ¥/, 3’, e2) € EHN [ snd(7)].

Unfolding the erroring expression relation, we get that there are (£, e}), j such that (X, e2) —>§V (X', e5) and (2", €})
is irreducible.

If ¢j = Err®, then were done because the entire application steps to an error.

Otherwise, there is a (k — j — j,¥"") 2 (k — j,¥’) such that 3" : (k- j - j,¥"”) and (k - j - j,¥",%",¢}) €
VHN[snd(7)], which means ey = £, for some £ € dom(X").

Putting everything together we get (2, (e1, e2)) —>{\/] (2, {ty, &), with 3« (k— j — j/,¥").

Note by OS, (2", {1, &2)) —n " [¢/ — ({t1,£2), )]) where £’ ¢ dom(Z"").

We firstly need 3/ [¢/ — ({¢1,£2), )] : (k—j—j = LY"[t' = ¥ (1) X ¥ (£)]).

Note the only interesting part of this statement is that Vk’ < k — j — j' = 1. (K/,¥"'[¢/ — ¥" (1) X ¥ ()], 2" [’ —
(a1 2), 1. 0) € VHN[¥” () x ¥ (82)].

This is immediate from the fact that ¥/ : (k’,¥””) from downward closure, and therefore that (k’,¥”,%",¢;) €
VHN[¥(£,)] and (K', 9”3, ) € VHN[¥" ()]

We know that (k — j,¥/,3/, ) € VHN[fst(T)] and (k - j — j, 9", 3", &) € VHN[snd(7)], and Lemma 5.11
with downward closure and the store typing judgement above.

From these facts we get that (k — j — j/ — LY [t — ¥ (6) X ¥ (&), 2 [t — ({f, L), )], 1) € (V(HN|[fst(?)]]
and (k—j— j/ = LY’ [/ — ¥ () XV (&), 57 [’ — (t1, )], &) € VH[snd(D)].

This is sufficient to show (k—j— j/ =1, ¥’/ [£/ = W (&) x ¥’ (£2)], 3" [£' — ({£1, &), )], (€1, £2)) € VHN[7], which

is what we wanted to prove. O

LEMMA 5.20 (APPLICATIONS OF SEMANTICALLY WELL TYPED TERMS ARE SEMANTICALLY WELL TyYPED). If (K, ¥, 2, ef) €
EN[z — '] and (k, ¥, %, ¢) € EN[ 7] thenVry »: 7/, (k, ¥, %, app{ro} ere) € EN[].
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Proor. Unfolding the expression relation in our hypothesis about ef, we get that there are (%, ej’,), Jj such that

(Z,er) _’{V (O e}) and (%, e}) is irreducible.

If e} = Err®, then we’re done because the entire application steps to an error.

Otherwise, there is a (k — j, ¥’) 2 (k, ¥) such that 3’ : (k — j,¥’) and (k — j, ¥’,3’, e}) e VN[r - ].
This means ¢, = ¢y for some £y € dom(2').

f

Using this, we know from the OS that (2, app{zo} ef €) —»{V (%', app{ro} tre).

We can apply Lemma 5.15 with X’ : (k — j, ¥) to our hypothesis about e to get (k — j, ¥, %", e) € EN[7].

Unfolding the expression relation, we get that there are (2, ¢’), j’ such that (3’, ) —>{I (", ¢") where (2, ¢’) is
irreducible.

If ¢’ = Err® than we’re done, because the whole application errors.

Otherwise, there exists (k—j—j’,¥"") 2 (k—j,¥’) such that 3" : (k—j—j’,¥"") and (k—j—j . 9", %", ¢') € VN[].

This means e’ = ¢ for some £ € dom(2"").

Putting what we have together, by the OS, (2, app{7} ef ¢) —>{\7j/ (Z”, (app{7o} tf £)).

We have (k - j,¥',%', ) € VYN[r - ] and (k- j—j,¥") 2 (k- j,¥)and=” 23 and =" : (k- j— ', ¥"")
and 79 > 7.

We can combine these to get (k — j — j, ¥, =", app{no} {5 £) € EN[].

This is sufficient to complete the proof. O

CoRroLLARY 5.21. If (k, ¥, %,¢) € EN[+] and 3(¢) = w and (k, ¥, 3, e) € EN[*] then (k — 1,¥, %, app{+} we) €
ENT+].

LEMMA 5.22 (APPLICATIONS OF HISTORY RELATED TERMS ARE HIiSTORY RELATED). If (k, ¥, %, ef) € 8‘7—(N|[1', 7] and
(k, ¥, %, e) € EN[dom(z)] then Vo =: cod(tau), (k, ¥, %, app{zo} efe) € EHN 1o, cod(7)].

Proor. Unfolding the erroring expression relation in our hypothesis about ey, we get that there are (3, e}), Jj such
that (2, er) _’{V =, e}) and (3, e’f) is irreducible.
If e} = Err®, then we’re done because the entire application steps to an error.
Otherwise, there isa (k — j, ¥’) 3 (k,¥) such that " : (k — j,¥’) and (k — j, ¥/,%’, e}) e VHN[r,7].
This means f—’;c = {7 for some ¢y € dom(Z’).

Using this, we know from the OS that (%, app{ro} ef €) —>{V (%, app{ro} tre).

We can apply Lemma 5.15 with X’ : (k — j, ) to our hypothesis about e to get (k — j, ¥/, %, ¢) € EN[[dom(2)].
Unfolding the expression relation, we get that there are (2, ¢’), j’ such that (3’, e) —);\ll (2", e") where (2,¢’) is
irreducible.

If ¢’ = Err® than we’re done, because the whole application errors.

Otherwise, there exists (k—j—j/,¥"") 2 (k—j,¥’) such that 3" : (k—j—j’, ") and (k—j— /. %", %", ¢’) € VN[].

This means e’ = ¢ for some ¢ € dom(Z"").
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Putting what we have together, by the OS, (2, app{7} ef ¢) —>{\;rj (Z”, (app{7o} tf £)).

We have (k — j, ¥’,%", £r) € VYN[r—= ] and (k- j—j,¥") 2 (k- j,¥)and=” 23 and = : (k- j— ', ¥"")
and 79 > 7.

We can combine these to get (k — j — j', ¥, 2", app{ro} {5 ) € EHN[ 10, cod(7)].

This is sufficient to complete the proof. O

CoroLLARY 5.23. If (k, ¥, 2, ef) € SWN[*,?]] and (k — 1,%,3,e) € 8N|[*]] then (k — 1,'%,%, app{ro}ef e) €
EHN [+, cod(T)].

LEMMA 5.24 (EXPRESSION RELATION IMPLIES EXPRESSION HISTORY RELATION). (1) If (k, ¥, 3, ¢e) € EN[r] then
(k,¥,%,e) € EHN[7].
@) If (k,¥,%,¢) € VN[z] then (k,¥,3,¢) € VHN[7].

Proor. Proceed by induction on k and z:

e k =0:1)is immediate from 2).

— 7 = Int: immediate.
— 7 =11 X 12: then X(¢) = ({£1, 2),_).
The case follows from the IH on #; and £5.
- T =11 — 72: vacuously true.
- 7 = vacuously true.

e k > 0:1) is immediate from 2).

— 7 = Int: immediate.
- =11 X 1p: then X(¢) = ({£1, &), ).
The case follows from the IH on #; and #5.
- 7 =11 — 12: Follows from 1) from the IH (smaller by index).

— 7 = #: Follows from 2) from the IH (smaller by index), using * X %, * — x*, or Int.

LEMMA 5.25 (MONITOR COMPATIBILITY). If¥ : (k, V), then

(1) If(k, ¥, %,6) € VN[z] and 2(¢") = (¢, some(r’, 7)), then (k, ¥, %, ¢') € VN[']

@) If(k,¥,%,e) € EN[ ] then (k,¥,%, mon {r’ = 1}e) € EN['].

3) If (k, 9,3, ) € VHN[¥(0)] and ¥(¢) = [r5,...] and t > 75 and 3’ = [’ — (¢, some(7’,1))] and ¥/ =
[/ T, 0, % (6)|¥ and £’ ¢ dom(Z) and+ 3’ then (k, V', 3/, t') € VHN[7', 7, %¥(¢)]

) If (k, ¥, %, ¢) € EHN[7] and7 = [r,...] then (k,¥,%, mon {7’ < t}e) € EHN[ 7,7, 7]

PRrooOF. Proceed by simultaneous induction on k and 7.

e k =0:2) and 4) follow from 1) and 3) respectively.
The proofs follow similarly to the other case, but any function or dynamic cases are vacuously true.
e k>o0:
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1) Unfolding the relation in the statement we want to prove, note from our hypothesis about 3, we get that

F 2

Proceed by case analysis on 7’

a) 7/ = Nat: Since + 3, we have pointsto(Z, £’) « Nat.

=

o
_ T = =

(=%

o

Therefore, we have pointsto(Z, £’) € N, which is sufficient to complete the case.

7/ = Int: same reasoning as Nat.

7/ = Bool: same reasoning as Nat.

v/ = 7] X 7: By the fact that - %, this case is a contradiction.

v’ = 7{ — 7}: Unfolding the value relation, let ' 2 ¥, and (j, ¥’) 2 (k, ¥), such that 3" : (j, ¥').
Let £, such that (j,¥’,%,£,) € (VN|[dom(T')]].

Let 79 <t cod(7”).

We want to show (j, ¥/, %, app{no} ¢ &) € EN[n].

Note by the operational semantics, (X’, app{zo} ¢’ &) _’IZ\I

(37, assert 79 (mon {cod(7") < cod(t)} (£ (mon {dom(t) & dom(7’)} ty)))).

Note by downward closure we have 3" : (j — 2, ¥’).

Therefore it suffices to show (j—2, ¥’, 3, assert 7o (mon {cod(t") < cod(7)} (¢ (mon {dom(r) < dom(t’)} £)))) €
EN[].

Note that 79 >: cod(7’).
By Lemma 5.10, it suffices to show (j—2, ¥/, 3’, assert 7y (mon {cod(7") < cod(7)} (¢ (mon {dom(r) & dom(7")} £)))) €
EN[ cod(")].

By Lemma 5.16, it suffices to show (j—3, ¥/, 3/, mon {cod(t") < cod(t’)} (£ (mon {dom(7) & dom(7’)} £,))) €
EN[ cod(7")].

By IH 2) (smaller by type), it suffices to show (j — 3, ¥’,%,¢ (mon {dom(r) < dom(7’)} &,)) €
EN[ cod(")].

By Lemma 5.17, it suffices to show (j — 2, ¥/, 3, app{cod(z’)} £ (mon {dom(r) < dom(7’)} £,)) €
EN[ cod(7")].

We now have two cases:

1) 7=
Then by Lemma 5.21 it suffices to show (j—1, ¥/, %', ¢) € VN[ ] and (j—1,¥’,%’, mon {dom(r) < dom(r’)} &) €
EN[dom(z")].
Both follow by Lemma 5.15, and IH 2) (smaller by index) in the second case.

i) t=11 > 128
Then by Lemma 5.20 it suffices to show (j—2, ¥’,3’,¢) € VN[ z] and (j-2, ¥’,3’, mon {dom(7) & dom(z’)} &) €
EN[dom(z)].
Both follow by Lemma 5.15, and IH 2) (smaller by index) in the second case.
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f) 7/ = x: Unfolding the relation in what we want to show, we want to show (k, ¥, 3, ¢’) € pyN [nt]
or VN[[Bool] or YN[+ x *] or YN[+ — «].
In each case, we can apply IH 1) (smaller by index) to complete the case.
2) Unfolding the expression relation in our hypothesis, we have that there are (e’, '), j such that (e, ) _){V
(¢’,%") with (¢’,’) irreducible.
If ¢/ = Err® then we're done, because the monitor will step to an error as well.
Otherwise, there is (k — j,¥’) 2 (k, ¥) such that 3’ : (k — j, ¥’) and (k — j, ¥, %", ¢’) € VN[ 7].
This means 3¢ € dom(X’) such that ¢’ = ¢.

If —pointsto(Z’,£) « 7/, then (X, mon {t’ < 1} e) —>§\] (X, mon{t’ &1} ¢t) —nN (3, TypeErr(7/, £)),
so we’re done.

Otherwise, we have pointsto(2’, £) o 7/, and since pointsto(3’, ¢) « 7, we also have 7 « 7.

We have 5 cases:

(a) 7’ = Nat:
Then (2, mon {Nat & 7} £) —pn (2'[¢/ — (¢£,some(Nat, 1))], ).
It suffices to show (k — j — 1, ¥/[¢’ — Nat,7,¥(¢)],2'[¢’ > (¢,some(Nat,7))],£) € VN[Nat],
and that 3’ [¢’ — (¢£,some(Nat,7))] : (k—j— 1,¥'[£' > Nat, 7, ¥(?)]).
The first follows from downward closure, and the fact that 3’ (¢£) o« Nat means X’ (¢) = n.
The second follows from IH 3) (smaller by index).

(b) 7’ = Int: Essentially the same as Nat.

(c) v = Bool: Essentially the same as Nat.

(d) 7' =17 x5
By the fact that fst('(¢)) o 7] X 77, we have that 3" (£) = ({f1, &), _).
Then by the OS we have that (%', mon {7 < 7} £) —n (Z', (mon {7] & fst(7)} £1, mon {7} & snd(1)} £2)).
By downward closure, we get " : (k—j — 1, %).
By Lemma 5.18, it suffices to show (k — j — 1, ¥/, 3", mon {7] < fst(1)} 1) € SN[[T{]] and (k—j—
LY, 3, mon {7, & snd(1)} &) € SN[[Té]].

If 7 = 71 X 19, then we have (k — j, ¥, %", ) € VN[r1], and (k — j, ¥, %", &) € VN[ z].
Then we just need to apply IH 2) (smaller by type) and Lemma 5.15.

If 7 = *, then we have (k — j, ¥/, %/, (f1, £2)) € VN[ +].
This means (k — j — 1, ¥/, %, (€1, &)) € VN[* x «].
Therefore (k — j — 1, ¥,3’, ;) € VN[+], and (k - j — 1, ¥, %", &) € VN[ +].
Then we just need to apply IH 2) (smaller by index).
() 7' =1] — 1y
By the fact that 7 « 7/, and by the OS, we have (2/, mon {7’ & 1t} ¢) — N (3'[£' — (¢, some(7’, 7))])
for ¢/ ¢ dom(X’).
Let 3" =3[t/ > (¢, some(7’,7))],and ¥ = ¥'[¢' > [/, 7, V' (¢)].
We want to show %/ : (k — j —2,9").
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To start, the condition on entries in the value log is immediate.
Otherwise the only interesting case is the value history relation.
Letk’ <k-—j—-2.
Then by downward closure, we get 3’ : (k/, ¥”).
By IH 3) (smaller by index), we get (k’, ¥, %", ') € VHN[ ', 7, %(¢)], which is sufficient.
Then we just need to apply IH 1) (smaller by index).
(f) 7/ = *: case spit on the shape of pointsto(¥’, ¢):
i) pointsto(Z’, £) = i: the proof follows identically to the Nat case.
ii) pointsto(Z’,¢) = b: the proof follows identically to the Bool case.
iii) pointsto(X’/,£) = Ax : _.e: then by the operational semantics, (X', mon {x & 1} {) —N
(2'[¢ — (¢, some(x,1))],¢").
Therefore we want to show:
- Y[t (¢,some(x,1))] : (k—j—2, Y[t/ — [+1,9(0)]])
- (k=j=2,¥[¢ > [% 7, 9], [ — (£ some(x,1)],¢) € VN[+]
The first condition follows from applications of IH 3) (smaller by index).
The second condition follows from an application of IH 1) (smaller by index).
pointsto(Z/,¢) = (1, £&2):

By the operational semantics, either:

~

iv

- (¥, mon{x & 1} ) — N (X', (mon {* < fst(1)} £1, mon {x < snd(7)} £2)) or
- (¥, mon {x & 1} t) — N (X', TypeErr(z, £))
In the case it errors, we’re done.
Otherwise, it suffices to show (k — j — 1, ¥/, 3/, {(mon {* < fsi(1)} £1, mon {* < snd(1)} £)) €
EN[+].
By Lemma 5.18, it suffices to show:
- (k—j-1,%,%, mon {x < fst(r)} 1) € EN[[+]
- (k-j-1,%,% mon { < snd(1)} £;) € EN[*]
We can unfold our hypothesis that (k, ¥, 3, [)(VN[[T]] to get (k, P, 3, (f1, ) € (VN[[T]].
We now have two cases depending on whether 7 = * or 71 X 72:
- Ifr=+then (k- 1,%,%,6) € (VN[[*]] and (k—1,¥,%,6) € (VN|[*]]
By Lemma 5.15, (k — j — 1, %/, %', &) € VN[+] and (k — j — 1, ¥, %", &) € VN[+].
Then we can apply IH 2) (smaller by index) to get what we need.
- Ifr =1 X 13, then (k, 9,3, ;) € (VN|[T1]] and (k,¥,3, ) € (VN|[12]].
By Lemma 5.15, (k — j — 1, ¥/,3/,£) € "VN[[‘rl]] and (k- j—-1,¥.,%,6) € (VN[[‘Q]].
Then we can apply IH 2) (smaller by index) to get what we need.
3) We proceed by case analysis on 7’
(a) 7’ = Nat: Since we already know (k,¥,3,¢) € (V7’(V|[N]]‘I’(t’), it suffices to show (k,¥,3,¢") €
VYN['] and (k, 2,3, ¢') € VN[7].
This is immediate from + 3, which implies 7’ o pointsto(Z’, £) and 7 « pointsto(2/, ¢’).
(b) 7’ = Int: same as the Nat case.
(c) 7’ = Bool: same as the Nat case.

(d) 7’ = 7] X r;: this case is a contradiction by the fact that - Z.
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(e) 7" = 7{ — 1;: Unfolding the relation in what we want to prove, let (j,¥") 2 (k, ¥) and =’ 2 X such
that 3’ : (j, ¢).
Let g such that cod(7”) <t 1.
Let £, such that (j, ¥/, %, 6) € VN[ dom(r')].
We want to show (j, ¥, %', app{ro} £’ &,) € EHN 1o, cod(tau), cod(¥’ (¢))].
We know by the OS that (3/, app{ro} £ &) —n (X', assert 1y (£ &) —N
(27, assert 19 (mon {cod(7’) < cod(t)} (£ (mon {dom(t) < dom(7’)} £,)))).
Note by downward closure, 3’ : (j — 2,¥9).

By Lemma 5.10, it suffices to show (j—2, ¥/, 3, assert 7o (mon {cod(7") < cod(7)} (¢ (mon {dom(7r) & dom(7')} £,))))
€ EHN[cod(r’), cod(), cod(¥’ (£))]

By Lemma 5.16, it suffices to show (j—1, ¥/, 3/, mon {cod(7’) < cod(z)} (£ (mon {dom(r) < dom(7’)} &,))) €
EHN[ cod(r"), cod(r), cod(¥' (£))].

By IH 4) (smaller by index), it suffices to show (j — 1, ¥”,3’, (¢ (mon {dom(r) < dom(’)} £,))) €
EHN[ cod(¥' (£))].

We now have two cases:
i) 7 = % By Lemma 5.23, it suffices to show (j, ¥/, %", ¢) € EHN[¥’(¢)] and (j—1, ¥, 3, mon {* & dom(r')} &,) €
EN[*] (since ¥’ () = [r,...]).

The first follows from the fact that (j, ¥/,3’,¢) € VHN[¥’(£)] by Lemma 5.11.

For the second, by IH 2) (smaller by index), it suffices to show (j -1, ¥’,5’, £,) € EN[dom(z')].
This follows by Lemma 5.15 applied to the fact that (j, ¥’,3’, &) € VN[ dom(z')].
i) t=11 > 128
By Lemma 5.22, it suffices to show (j—1, %', %', £) € SHN[ ¥’ (£)] and (j—1, ¥, %', mon {dom(zr) & dom(7’)} £,) €
EN[dom(z)] (since ¥’ (£) = [r,...]).

The first follows from the fact that (j — 1,¥/,3,¢) € ‘VWN[[‘P’({’)]] by Lemma 5.11.

For the second, by IH 2) (smaller by index), it suffices to show (j—1,¥’,3’, £,) € EN[dom(z")].
This follows by Lemma 5.15 applied to the fact that (j, ¥’,3’, &) € VN[ dom(z')].

(f) 7/ = *: unfolding the relation in what we want to show, the proof follows by IH 3) (smaller by index).

J

4) Unfolding the expression relation in our hypothesis, we have that there are (¢’,%’), j such that (e, 3) — N

(¢/,>") with (¢’, ') irreducible.

If ¢’ = Err® then we’re done, because the monitor will step to an error as well.

Otherwise, there is (k — j, ¥’) 3 (k, ¥) such that 3’ : (k — j,¥’) and (k — j, ¥’,%’,¢’) € VHN[7].
This means 3¢ € dom(X’) such that e’ = £, and ¥/ (¢) = T.
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If —pointsto(Z’, £) « 7/, then (3, mon {t’ & t}e) —>;\] (Z',mon{t’ & 1}¢t) —nN (', TypeErr(7/, 1)),

,
so we’re done.

Otherwise, we have pointsto(2’, £) « 7/, and since pointsto(3’, £) « 7, we also have 7 « 7’.

We want to show (k — j, ¥, %/, mon {t’ <1} ¢) € EHN[', 7, ¥ (0)].

We have three cases:

a)

pointsto(2’,¢) = i: By OS, (X, mon {t’ &} ¢) — N (Z'[t’ — (¢, some(r’,7))], ).

Let 3" =3/[¢/ — (¢, some(r’,7))] and ¥ = Psi’ [/ — ', 7, ¥(0)].

Unfolding the relation in what we want to show, it suffices to show Vz, € ¥/ (¢), (k—j—1,¥",3",¢) €
VYN[z,] and =" : (k- j —1,%").

For the second, we can apply IH 3) (smaller by index).

For the first, by downward closure, by Lemma 5.11, (k — j — 1, %"/, 3", ¢) € (VWN[[‘I”(()]].
Then we already know (k — j — 1, ¥, %", ) € VN[ r,] when r, € ¥ ().

So it suffices to show (k — j — 1,¥”, %", ¢) € "VN[[r']].

If 7/ = Int, then we’re done.

Otherwise, 7’ = #, in which case we need to show (k — j — 2, %", %", ¢’) € VN[ Int], which is also
immediate.

pointsto(2’, £) = b: essentially the same as the previous case.

¥/(8) = (f, 2):

By OS, (X, mon {7’ & 1} ¢) — N (¥, (mon {fst(t) & fst(r)} t;, mon {snd(7’) < snd(1)} £)).
Note by downward closue, " : (k — j — 2,¥’).

By Lemma 5.19, it suffices to show (k—j—2, %, 3/, mon {fst(r') & fst(1)} 1) € EHN[fst('), fst(7), fst(¥’ (£))]
and (k — j — 2, %', %/, mon {snd(r’") & snd(r)} &) € EHN[snd(r"), snd(r), snd(¥’(¢))].

Both of these follow by unfolding the relation in the hypothesis about ¢, applying Lemma 5.14, and
applying IH 4) (smaller by index).

pointsto(Z/,£) = Ax : _.e:

By OS, (X',mon {7’ & 1} £) — N (3'[t’ + (£,some(7’,7))], "), where £’ ¢ dom(Z').

Thenlet =" = 3'[¢’ — (£, some(7’,7))] and let ¥"" = ¥'[¢' — 7/, 7, ¥/ (¢)].

By IH 3) (smaller by index) we get (k— j —2,9",2", ') € ’VWN[[T’, , ¥/ (¢)], so all that’s left is to
showis 2 : (k—j—2,9").

Letk! <k-j-2.

Note by downward closure, 3’ : (k’,¥’), so V¢’ € dom(Z’), by Lemma 5.11, (K, ¥”,3",¢") €
VHN” (£")] (note ¥’ () = ¥ (£")).

So the final condition is (k/, ", 3", ¢') € VHN[¥” (¢')], which follows from IH 3) (smaller by

index).

O
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5.3.3 Compatability Lemmas

[(x:7) eT]
[TFx:7]

LEMMA 5.26 (T-VAR COMPATIBILITY).

Proor. Let (k, ¥, 2,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, 2, y(x)) € EN[7].
Since x : 7 € T, we get that y(x) = ¢.
Since (k, ¥, %, y) € GN[T], we get (k,¥,%, ) € VN[r].
Then we get that (k, ¥, 3, ¢) € &N r] immediately since ¢ is already a value and we have as a premise that % : (k, ¥).

]

LEmMMA 5.27 (T-NAT COMPATIBILITY). —————
[TFn:Nat]
Proor. Let (k,¥,3,y) € GV[T] such that 3 : (k, ¥).
We want to show (k, ¥, %, y(n)) € EN[Nat].
Note y(n) = n.
By the OS, we have (2,n) — N (Z[£ +— (n,_)],£).
We get (k, ¥, %, ¢) € VN[Nat] immediately because n € N.
Since ‘VN[[Nat] does not rely on ¥ or 3, we have that (k, ¥[£ — [Nat]],Z[¢ — (n,_)],£) € VN[Nat].

LEmMA 5.28 (T-INT COMPATIBILITY). ————————
[Tri:iInt]

Proor. Not meaningfully different from T-Int O

LEMMA 5.29 (T-TRUE COMPATIBILITY), ——————
[Ti F True : Bool]
Proor. Let (k,¥,2,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, 2, y(True)) € EN[Bool].
Note y(True) = True.
By the OS, we have (2, True) — N (Z[¢ +— (True, )], ¢).
We get (k, ¥, 3, True) € VN[[Bool] immediately.
Since ‘VN[Bool] does not rely on ¥ or %, we have that (k, ¥[£ — [Bool]], Z[¢ — (True,_)],¢) € VN[Bool].

LEmMMA 5.30 (T-FALSE COMPATIBILITY). —————
[Ty + False : Bool]

Proor. Not meaningfully different from the previous case. O

[[1“1, (x1 :Tl) Fep: Tz]]
LEMMA 5.31 (T-LAM COMPATIBILITY).

[Tk A(x1:71). €1 : 11— 72

Proor. Let (k,¥,%,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, %, y(Ax; : 11.€1)) € EN[[11 — 2].
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Note that y(Axy : 71. 1) = Ax1 : 71. y(eq).

Since Ax; : 71.y(e1) is a value, by the OS we have (2, Ax1 : 71.y(e1)) — N (Z[f — (Ax1 : 71.y(e1), none)]), where
t & dom(2).

We choose our later ¥/ to be ¥[f > 11 — 13].

We now have two obligations:

(1) (k=1,9[f 11 = 12],3[€ = (Ax1 : 1. y(e1), nonel, &) € VN[ - 2]
(2) Z[¢— (Axg : 11.y(e1),none)] : (k — 1, ¥[¢ — 11 — 13])

For 1), unfolding the value relation:

Let (j,¥') 3 (k- LY[t— 11 > 12]) and 3’ 2 Z[¢ — (Ax1 : 71. y(e1), none)] such that 3/ : (j, ¥’).
Let £, € dom(X’) such that (j, ¥, %", &) € VN[z].

Let 19 > 19.

We want to show (j, ¥/,3, app{w} ¢ &) € 8N|[r0]].

By Lemma 5.17, it suffices to show (j — 1, ¥/, %/, ¢ &) € EN[1].

By the OS, (X', ¢ £,) —n (&, y(e1) [to/x]).

By the definition of substitution, y(e1)[fy/x] = y[x > &](e1).

Note that (j — 1, ¥, %, y[x = £&](e1)) € GV, x : 71 ]:

i) (j-1,¥,%,6) € VN[r] by Lemma 5.15.
i) Yy € dom(y), (j — 1, ¥, %, y(y)) € VN[T(y)] by the premise about y and Lemma 5.15.

Therefore, we can apply the hypothesis to y[x > £,], ¥/, %', and e; at j—1to get (j—1, ¥, 3, y[x — &](e1)) € EN[r].
Finally, we can apply Lemma 5.10 to get (j — 1, ¥/, 3/, y[x > &](e1)) € SN[[TO]] which is what we wanted to show.

For 2), first note the domains are equal, since dom(X) = dom(¥).
Then note + X[£ +— Ax; : 71.y(e1)] since + 3.
Then let j < k — 1 andlet £/ € dom(2[¢ — (Ax; : 71.y(e1), none)]).
If ¢/ # ¢, then we get the remaining conditions from ¥ : (k, ¥) and Lemma 5.11.
If ¢’ = ¢, then note the structural obligation on ¥[¢ — [r; — 72]] is immediate.
We want to show (j, ¥[£ — 71 — 1], 2[£ — (Ax1 : 71.y(e1), none)], £) € VHN [ — 12].
Let (j,¥') 3 (k- LY¥[t—> 11 > 13]) and 3’ 2 Z[¢ > (Ax1 : 71. y(e1), none)] such that 3/ : (j, ¥’).
Let £, € dom(X’) such that (j, ¥, %", ) € VN[ z].
Let 9 > 12.
By inspection of the value relation, we get immediately that 3/ (£,) o« 71, so we want to show (j, ¥’,%’, app{ro} £ &) €
EHV[].
By Lemma 5.17, it suffices to show (j — 1, ¥/,%, £ &) € 87’(‘/'[‘[0]].
By the OS, (¥, ty) —nN (¥, y(e1)[to/x]).
By the definition of substitution, y(e1)[£y/x] = y[x > &](e1).
Note that (j — 1, ¥, %, y[x  &](e1)) € GV x : 71 ]:

iy (j-1,¥.%,6) € VN[r] by Lemma 5.15.
ii) Yy € dom(y), (j —1,¥",%,y(y)) € VN[T(y)] by the premise about y and Lemma 5.15.
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Therefore, we can apply the hypothesis to y[x - &], ¥/, %", and ej at j—1to get (j—1, ¥, 3, y[x = &](e1)) € EN[z].

Then we can apply Lemma 5.24 to get (j — 1, ¥/, 3/, y[x = &,](e1)) € EH" [2].

Finally, we can apply Lemma 5.10 to get (j — 1, ¥/, ¥, y[x > £](e1)) € S‘HV[[TO]] which is what we wanted to show.
[m}

|[F1 Fep: ‘[1]]
[[1“1 Feg: Tz]]

[T+ Cer,e2) : Tix72]

LEMMA 5.32 (T-PAIR COMPATIBILITY).

Proor. Let (k,¥,%,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, %, y({e1, e2))) € EN[11 x 2]
Note y({e1, e2)) = (y(e1), y(e2))-
We can apply the first hypothesis to get (k, ¥, %, y(e1)) € EN[n].
We can apply the second hypothesis to get (k, ¥, %, y(e2)) € EN[z2].
Then by Lemma 5.19, (k, ¥, 3, (y(e1), y(e2))) € 8N[[11 X 2], which is what we wanted to show. O

|[1“1 Fep :T1—>Tz]] |[1“1 ke :Tl]]

LEMMA 5.33 (T-APP COMPATIBILITY).
[Ty + app{r2} €1 €2 : 2]
Proor. Let (k,¥,%,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, 3, y(app{r2} e1 €2)) € 8N|[TZ]]~
Note y(app{rz2} e1 e2) = app{z2} y(e1) y(e2).
By the first hypothesis we have (k, ¥, %, y(e1)) € EN[r — r].
By the second hypothesis we have (k, ¥, 3, y(e2)) € EN[z1].
Then we can apply Lemma 5.20 to get (k, ¥, 2, app{r2} y(e1) y(e2)) € 8N[[r2]] which is what we wanted to show. O

[Ty Fer:mixe]
[[1"1 Ffst{r1}e; : ‘[1]]
Proor. Let (k,¥,%,y) € GV|[I1] such that = : (k, ¥).
We want to show (k, ¥, %, y(fst{r1} e1)) € EN[n1].
Note y(fst{r1} e1) = fst{r1} y(e1).
From the first hypothesis, we have (k, ¥, %, y(e1)) € SN[[Tl x 2]

Unfolding the expression relation, there are j,>’, e] such that (X, y(er1)) _)j\l (2, e7) and e] is irreducible.

LEMMA 5.34 (T-FST COMPATIBILITY).

If e = Err® then we’re done because the projection also steps to an error.

Otherwise, there is a (k — j, ¥’) 2 (k, ¥) such that 3" : (k — j¥’) and (k — j, ¥’,3',¢]) € VN[ x ]

Unfolding the location and value relations, we get that =’ (e7) = (f1, £2).

By the OS, (2, fst{r1} e1) _>;V (Z'fst{r1} e]) — N (', assertr1 1) — N (X', &1).

We can apply Lemma 5.15 to the premise that (k — j, ¥/,3’, ) € VN[ z] to get (k — j - 2,%,%",6) € VN[r].

Finally, we can apply Lemma 5.11 to get that ¥’ : (k — j — 2, ¥’), which is sufficient to complete the proof. O
|[F1 Fep: T1XT2]]

[Ty + snd{r2} €1 : 2]

Proor. Not meaningfully different from the previous lemma. O

LEMMA 5.35 (T-SND COMPATIBILITY).
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[[F1 e :T]]] [[F1 F e :Tz]]

A(binop, 11,12) = 13
LEMMA 5.36 (T-BINOP COMPATIBILITY).

[[F1 + binopej ey : T3]]

Proor. Let (k,¥,2,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, %, y(binope; e3)) € EN[z3].
Note y(binope; ez) = binopy(e1) y(ez).
By the first hypothesis applied to y we have (k, ¥, %, y(e1)) € EN[[z1].
Unfolding we get there are j, %', ¢] such that (Z, y(e1)) _)j\l (%, e1) and e] is irreducible.
If ei = Err® then we’re done, because the whole operation errors.

Otherwise there is a (k — j,¥’) 3 (k,'¥) such that 3" : (k — j,¥’) and (k — j, 9,3, ¢]) € VYN[n].

Note by Lemma 5.15 and Lemma 5.11, we have (k — j, ¥/,%",y) € GN[I1] and 3’ : (k — j, ¥’).
By the second hypothesis applied to y we have (k — j, ¥/, %, y(e2)) € EN[z].

Unfolding we get there are j/, X", e; such that (X', y(e2)) _){V (2", e5) and e} is irreducible.
If e5 = Err® then we’re done, because the whole operation errors.

Otherwise, thereisa (k—j—j’,¥”") 3 (k- j, ¥) such that " : (k—j—j,¥"") and (k—j—j’, ¥",2",e}) € VYN[ z].

From the definition of A, 73 = Int or Nat the cases proceed identically, so without loss of generality assume 73 = Int.
71 = 72 = Int, and therefore =/ (e]) = i; and 3"/ (e}) = iz.

If binop = quotient and ip = 0 then (%", binope] e}) —n (2", DivErr), so we’re done.

If binop = quotient and iy # 0, then (X", binope] e;) —n (2",i1/i2) —>n (" [€ = (i1/i2, none)], £).

Since i1 /ip € Z, we're done.

If binop = sum then (X", binope] e}) —n (2", i1 +i2) —> N (Z”[£ = (i1 + iz, none)], £).

Since iy + iy € Z, we're done. m]

[T; F €1 : Bool]
I[Fl I—ez:T]]
|[F1 I—e3:T]]

[T1 kif 1 then e; else e3 : 7]

LeEmMA 5.37 (T-IF COMPATIBILITY).

Proor. Let (k,¥,2,y) € GV[I] such that 3 : (k, ¥).
We want to show (k, ¥, %, y(if e then ey else e3)) € EN[].
Note y(if e; then e else e3) = if y(e1) then y(e2) else y(e3).
From the first hypothesis applied to y, we know (k, ¥, %, y(e1)) € EN[[Bool].
Unfolding, we have that there is 3’, e, j such that (Z, ) _%\I (%', e7) where e] is irreducible.
If ei = Err® then we’re done, because the entire if statement errors.
Otherwise, there isa (k — j, ¥’) 3 (k,¥) such that >’ : (k — j,¥’) and (k — j, ¥/, %/, e{) € ‘VN[[Bool]].

Unfolding the location and then the value relation, we get that pointsto(3’, e]) = True or pointsto(%’, e]) = False.
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e pointsto(2’, e]) = True: Note by OS, (3, if y(er) then y(ez) else y(e3)) —>;\] (3, if e] then y(ez) else y(e3)) —nN
(2, y(e2)).
By Lemma 5.15 and Lemma 5.11, we have (k — j — 1, ¥,5",y) € GN[I1] and 3 : (k — j — 1, ¥').
From the second hypothesis, we get (k —j — 1, ¥, 3/, y(e2)) € EN[ 7], which is sufficient to complete the proof.

e pointsto(2’, e]) = False: same as other case except replace e with e3.

[[1"1 Fep: ‘['1]]

[Ty + cast{rz & 11} €1 : 2]

LEMMA 5.38 (T-CAST COMPATIBILITY).

Proor. Let (k,¥,3,y) € GV[T] such that 3 : (k, ¥).
We want to show (k, ¥, %, y(cast {rz < 71} €1)) € EN[z2].
Note y(cast {rp &= 11} €1) = cast {12 & 71} y(e1).
By the operational semantics, (2, cast {r2 & 11} y(e1)) —nN (Z, mon {2 & 11} €1).
By Lemma 5.11 and Lemma 5.15, (k — 1,¥, %,y) € GV[T] and 2 : (k — 1, ¥).
By the hypothesis, (k — 1, ¥, %, y(e1)) € EN[71].
By Lemma 5.25, (k — 1, ¥, %, mon {1z < 71} e1) € EN[[12]], which is sufficient to complete the proof. O

[[F1 Fep: Tl]]
1 <12

LEMMA 5.39 (T-SUB COMPATIBILITY). —————————
[[1"1 Fep: Tz]]

Proor. Let (k,¥,2,y) € GV|[I] such that 3 : (k, ¥).
We want to show (k, ¥, 2, y(e1)) € EV|[r].
From our hypothesis, we have (k, ¥, 3, y(e1)) € EN[z1].
We can apply Lemma 5.10 to finish the case. O
5.3.4 Fundamental Property / Vigilance

THEOREM 5.40 (VIGILANCE). If T+ e: 7 then [T re: N

Proor. By induction over the typing derivation, using the compatability lemmas. O
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5.4 Vigilance Fundamental Property for Transient with Truer Transient Typing

In this subsection, weuse I' F e : Ttomean I Fypy € : 7.

The relation needs to be extended with a case to handle L:
VL] =0
We also edit the function cases of the relation to insert a tag into the annotation of the app, and produce a value in
the meet of the tag and the result type:
VHYx — o) 12 1] = {(k, 8, 5,0) | V(j,¥) 2 (k, ¥),% 2 % where 3 : (j,¥'). VK.
Ve, where (j,¥,%',6) € VE[+].
(Y'Y, app{ro} £ t,) € EHE[ [} MK, cod(r2), ... cod(ry)]]}
VI - ] = {(k, ¥, w) | Y(j,¥') 2 (k,¥). V5’ 2 3 where 3’ : (j, ¥').
V¢ where (j,¥',%', ) € "VL[[*]] . VK.
(j+1,9.,%,app{K}w¢) € SLIITZ nK]}

We also need to edit the X : (k, ¥) judgement because we no longer have or need a correspondance between the

from type of a guard and the type underneath the guard:

3 (k¥) £ dom(3) = dom(¥) A F3 A Vj<ktedom(S).((j,¥,%¢) € VHE[¥(0)]
A (Z(8) = (¢, some(r, 7)) = ¥(¢) = [r, 7, ¥ ()]A
A (Z(f) = (v,none) Ao ¢ L = 31.¥(¢) = [7]))

5.4.1 Lemmas Used Without Mention

LEMMA 5.41 (STEPPING TO ERROR IMPLIES EXPRESSION RELATION). If (2, €) —>JT (2, Err®) then (k,¥,3,e) € ST[[T]]

Proor. Ifk < j, then we’re done because the condition in the expression relation is vacuously true.
Otherwise, we can use j as our steps, 3’ as our ending value log, and Err® as our irreducible expression, and we satisfy

the condition in the expression relation. O
LEMMA 5.42 (STEPPING TO ERROR IMPLIES EXPRESSION HISTORY). If(Z, €) —>JT (', Err®) then (k,¥,%,e) € EHT =1
ProoF. Similar to the previous proof. O

LEMMA 5.43 (ANTI-REDUCTION - HEAD EXPANSION - ExPRESSION RELATION COMMUTES WiTH STEPS). If (K, ¥/,3/,¢”) €
ET[ 7] and (=€) —%. (=',¢') and 3’ : (k,¥’) then (k +j,¥,%,¢) € T[]

Proor. Unfolding the expression relation in our hypothesis, there exists (X”/, ¢’’), j” such that (', ¢”) —>jT/ (=", e")
and (2", €"") is irreducible.
Either e’/ = Err®, in which case (2, e) —>j;j, (2", Err®), so we’re done.
Otherwise, there is a (k — j/, ¥"") 2 (k, ¥’) such that 3" : (k — j/, "), and (k — j*, %", 3", ¢") € VT[r].
Using this information, we can show (k + j, ¥, %, e) € T [[z] by noting (3, e) —>]T'+j’ =7,e"). O
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2393 LEMMA 5.44 (ANTI-REDUCTION - HEAD EXPANSION - ExPRESSION HisTorRY CoMMUTES WITH STEPS). If (k, ¥/,3’,¢’) €
2 EHT[T] and (3, €) —>JT (3, ¢') and s’ : (k,¥’) then (k + j,¥,%,¢) € EH[7]

2395

239 Proor. Similar to the previous proof. O
2397

2398 LEmMA 5.45 (THE OPERATIONAL SEMANTICS PRESERVES WELL FORMED VALUE Logs). If+ 3 and (3,e) —7 (', ¢’)
B9 thenr 3.

2400

2401 Proor. The proof is immediate by inspection of the Operational Semantics. O
2402

2403 LEmMA 5.46 (Not ENoucH STEPs IMPLIES ANY EXPRESSION RELATION). If (2, €) —>’; (2',¢") and (X', €’) is not

“90 irreducible, thenVj < k. (j, ¥, 3, e) € 8T[r] and (j, ¥, %, e) € SHT[T]].

2405

2406 Proor. Both conclusions are immediate, since the implications in the relations are vacuously true. O
2407

2408 LEMMA 5.47 (THE OPERATIONAL SEMANTICS ONLY GROWS STORES). If (Z, ) —>’} (2’,¢") thenx 2 3.

2409

2410 ProoF. This is a corollary of Lemma 5.48. O
2411

2412 . .

sy 542 Lemmas Used With Mention

2414 —
pors LEMMA 5.48 (THE OPERATIONAL SEMANTICS PRODUCES VALUE LOG EXTENSIONS). If (2, e) —7. (2',e’), then 3t C

sa1s  dom(X’) such that £ ¢ dom(Z) andX' =Z[t — (v, )].

2417

bu1s Proor. By inspection of the Operational Semantics, no steps modify the value stored in the value log, meaning

2419 ¥ 23

2420 And also by the inspection of the Operational Semantics, there is exactly one rule to allocate new entries in the value
e log, meaning 3’ \ ¥ is a suitable choice for [£ > (v, )]. O
2422
2423 LEMMA 5.49 (STEPS ARE PRESERVED IN FUTURE VALUE LoGs). If(Z, ) —>JT (%',¢’) and t ¢ dom(Z’) then (2[€ — (v,_)],e) _)]T
't (0,0 €).

2424
2425
2z Proor. Since all of the added locations are not in 3/, and therefore also not in 3, no rule that will lookup a label in
2427

s the derivation tree for (2, e) —>JT (%', ¢’) will find a different value or type.

2420 The only remaining notable reduction steps are those that allocate a new label and value entry, but since ¢ ¢ dom(3’),

2430 we can allocate the same entry unchanged. O
2431

2432 LEMMA 5.50 (SUBTYPING PRESERVES LOGICAL RELATIONS). V3, k, ¥, 7,7". whereX : (k,¥) and r <: 7.

jzz (1) If (¥, %, ) € ET[ 7] then (k. ¥,%,¢) € ET[']]

pass @) If (k,¥,%,6) € VT[r] then (k, ¥, %, ) € VT[]

2436 3) If (k, ¥, %, e) € EHT[7,7] then (k,¥,%,¢) € EHT [, 7]

2437 @) If (k,¥,%,0) € VHT[7,7] then (k,¥,%,¢) € VHT [, 7]

2438

2439 PRrooF. Proceed by mutual induction on k and :

2440
e k =0:Both 1 and 3 are immediate if e # ¢.

2441
2442 If e = £ then 1 and 3 follow immediately from 2 and 4.

2443 2 and 4 follow identically in the k = 0 case as they do in the k > 0 case, but the function case is vacuously true.
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e k>0:

1)

@)

®)

©)

Unfolding our hypothesis, there is some (2, e’), j such that (Z, e) —>JT (2, ¢e).
If ¢’ = Err® then we're done.
Otherwise, there is some (k — j, ¥’) 3 (k, ¥’) such that 3’ : (k — j,¥’) and (k — j, ¥’,3’,¢’) € VT[1].
We now have two obligations:
a) (k—j,v.3,¢)eVI[].
b) 3 (k- j, ).
For a) by IH 2) (not necessarily smaller by type or index), we have (k — j, ¥’,%’,¢’) € VT[[¢']], which is

what we wanted to show.

For b), this is immediate from the premise.
Case spliton 7 <: 7:
i) 7 < 7: immediate.
ii) Nat < Int: immediate because T C Z.
iii) 71 X 72 < 7] X 17, with 71 <t 7] and 1o <t 7
We want to show (k, ¥, %, £) € VI['].
Unfolding our hypothesis, we get that X(¢£) = ({£1, £2), _).
We want to show (k, ¥, 3, £1) € (VT[[T”] and (k, ¥, 3, ¢6) € (VT[[ré]].
We can apply IH 2) (smaller by type) to both of these judgements to get (k, ¥,%,#) € VT[7]] and
(k.3 8) € VT[]
This is sufficient to show (k, ¥, =, 2(¢)) € VT['].
iv) * = < x> 1, with <7
We want to show (k, ¥, 3, ¢) € "VT[[T’]].
Let (j,¥’) 2 (k,¥) and 3’ 2 ¥ such that 3’ : (j, ¥’).
Let & € dom(S’) such that (j, ¥/,3’, £,) € VT[+].
Let K.
We want to show (j, ¥’,%, app{K} £ £y) € ST[[Té nKj.
Then, we can apply our hypothesis about € to get (j, ¥, %/, app{K} £ &,) € [, M K].
Finally, we can apply IH 1) (smaller by type) to get (j, ¥’,3", app{K} ¢ &) € 8Tﬂr§ M K] which is

what we wanted to show.

Unfolding our hypothesis, we get that there are some (2’,¢’), j such that (3, e) —>JT (2,¢’) and (2, ¢)
are irreducible.
If e/ = Err®, then we’re done.
Otherwise, there is some (k — j,¥’) 3 (k, ¥) such that >’ : (k—j,¥’) and (k—j,¥’,3',¢’) € "V?'{T[[r, 7],
which means 3¢ € dom(3’) such that e’ = ¢.
Then by IH 4) (not necessarily smaller by type or index) with 7 <: 7/, we get (k—j, ¥/, 3/, £) € VHT [, 7],
which is what we wanted to show.
Unfolding the history relation, we want to show (k, ¥, 3, £) € (VWTIIT' 7]
We case split on 7 <: 7:
i) 7 =1’: immediate by premise.
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ii)

iif)

Nat <! Int:

by our premise, we already get that V7, € 7, (k, ¥, 3,¢) € (VT[ITO]].

Therefore, it suffices to show (k, ¥, 3, £) € VT [[Int] given (k,¥,3, ¢) € VT[Nat] which is immedi-
ate since T C Z.

1 X7 < 7f X2 withrp < 7] and 73 <01

by our premise, we get that X(¢£) = ({f1,£2), ) and (k,?,%,£;) € (VWT[[Tl,fst(?)]] and (k, 9,3, 5) €
VHT 12, snd(7)].

We can apply IH 4) (smaller by type) to both to get (k, ¥, %, ;) € (V?{T[Ti,fst(?)]] and (k,¥,%,6) €
(VWT[Té, snd(7) ]|, which is what we wanted to show.

* = 1y <k — 7y with 1 <z

unfolding what we want to show, let =’ 2 =, (j, ¥’) 2 (k, ¥) such that 3’ : (j, ¥’).

Let & € dom(S’) such that (j, ¥/,3’, £) € VT[+].

Let K.

We want to show (j, ¥, %", app{K} £ £,) € EHT[t' MK, cod(7)].

We can then apply the fact that (k, ¥, %, ¢) € VH[1,7] to get (j, ¥, %, app{K} £ &) € EH [z n
K, cod(7)].

Then we can apply IH 3) (smaller by type) to get (j, ¥/,3’,app{K} ¢ £,) € EH [’ MK, cod(7)],
which is what we wanted to show.

O

LEMMA 5.51 (RV-MoNoToNICITY). If2 : (k,¥) and0 < j < k and¥’ 2 X and (k- j,¥’') 3 (k,¥) and¥’ : (k—j, ¥’)
and (k, ¥, 3, ¢) € VHT 7] then (k- j,¥',3",¢) € VH[7]

Proor. We want to show (k — j, ¥, 3, ) VHT[7].
Let 7 be the head of 7 so that 7 = [z,...].

We proceed by induction over k and 7:

e k = 0: The function and dynamic cases are vacuously true, and the rest follow as in the other case.

e k>0:

i) 7 = Int: immediate because %(¢) = 3’ (¢).

ii) 7 = Nat: same as previous case.

)

iii) 7 = Bool: same as previous case.

iv) 7 =11 X 13: then 3/ (¢) = ({£1, &), ).
We want to show (k — j, ¥/,3/, ) € "VWL[[rl,]T(T)]] and (k- j,¥/,%, ) € (V(}'{L[[Tg,m]].
We have (k,¥,3, ) € (VHL[[Q,]%]] and (k,¥,3, ) € "V?‘(L[[TZ,M]].
Both follow by IH (smaller by type).

V) T=%—> 13
Let (j/,Psi’”’) 3 (k — j,¥’) and "' 2 ¥’ such that 3"/ (j/, ¥’).
Let &, € dom(Z"") such that (j/, %", 3", £,) € VT[«].
Let K.
We want to show (j/, %", %", app{K} £ t,) € ET[r, M K].
Since (j/,¥”") J (k,¥) and 3" 2 3, we can apply our premise to finish the case.
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vi) 7 = =: note by downward closure, 3’ : (k — j — 1,¥).

Then we want to show (k — j — 1, ¥,3/,£) € VT[[Int] or (k—j - 1,¥,5,6) € VT [[* x ] or (k- j -

1L,Y,>, ) € (VT[[* — x].
We know (k- 1,%,%,£) € VI[Int] or (k= 1,9,%,8) € VT x ] or (k-1,%,%,¢) € VI[+— «].
The case follows by the IH (smaller by index).

LEMMA 5.52 (EXTENSIONS PRESERVE VALUE LoG TYPING). IfY : (k,¥) and0 < j < kand¥’ 2 Zand (k-j,¥’) 3 (k, ¥)

andy’ : (k- j,¥’') and t ¢ dom(X’) and 2[t — (v,_)] : (K, ¥[¢ > T]) then X' [t — (v, )] : (k- j,¥' [t > T]).

Proor. Note that all of the conditions in /' [£ + (v, )] : (k — j, ¥’ [£ — T]) besides those concerning the history

relation are immediate from the hypotheses.

Let2 =%'[¢+— (v,_)] and let ¥"" = ¥/[¢ > T].
We want to show Vj’ < k — j, and V¢ € dom(Z"), (j/,9",=",¢) € VHT[9" (¢)].

Note by downward closure, " : (j,¥”). If £ € dom(3’), then we can apply Lemma 5.51 with the fact that

(") 3 (k—j,¥)andx” 2 3.
If¢ ¢ dom(3'), then ¢ € ¢.

Then we can apply Lemma 5.51 with the fact that (j/, ¥”") 3 (k, ¥[¢ +> 7]) and =" 2 3[¢ — (v, _)] toget (j/, ¥, 2", ¢) €

VHT[ 9" (¢)], which is what we wanted to show.

LEMMA 5.53 (LATER THAN PRESERVED By LowER STEPS). If (j,¥’) 3 (k,¥) and j' < j then (j—j,¥’) 3 (k- j',¥).

Proor. Unfolding the world extension definition, we need to show j — j* < k — j' and V¢ € dom(¥), ¥/ (¢) = ¥(¢).

For the first condition, since j < kand j* < j, j—j < k- j’.

For the second condition, we can unfold the hypothesis to get the statement we need.

LEMMA 5.54 (RE-MonoToNiICITY). IfS: (k,¥) and0 < j <k and¥’ 2 X and (k—j,¥’') 2 (k,¥) and3’ : (k—j, V')

and (k,', 3, ¢) € EHT[[7] then (k- j, ¥, ¢) € EHT[7].

Proor. Unfolding the relation in our hypothesis, we get that there is some (2", ¢”), j such that (T, €) —>JT/ =", ¢e).

If e/ = Err® then we're done.
Otherwise, there is some (k — j/, ¥””) 3 (k, ¥) such that " : (k — j/,¥””) and (k — j/,¥",2",¢’) € (VWT[?]].

By Lemma 5.48, 3/ = [t — (o, )]

By the fact that X"" : (k — j/, ¢”") this also means ¥’/ = ¥t - 7.
We also know from 3’ 2 3 that 3/ = S[¢" — (v/,_)].

And from 3’ : (k — j,¥’) that ¥/ = ¥[¢/ > 7’].

By alpha renaming, we can assume that m.

Then by Lemma 5.49, we get that (¥, ) —»é.’ " - ', )], ¢e).

Now, unfolding the expression relation in what we want to show, we have two obligations:
a) X[t = (o, )] : (k= j—j,¥'[¢ = 7']).
b) (k—j—j ¥ [0 -3 (. )].e) e VH[7].
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For a) we can apply Lemma 5.52. We have a number of obligations:

i) ¥ : (k — j,¥): immediate by downward closure.
ii) " 2 ¥: immediate.
iil) (k—j—j,¥") 3 (k- j,¥): by Lemma 5.53.
iv) " : (k- j— j’,¥”)i: immediate by downward closure.
) m: assumed above by alpha renaming.

vi) 2[¢ > (v, )] : (k—j, ¥[¢’ — 7']): this is exactly 3 : (k — j, ¥’).
For b), we can apply Lemma 5.51 with the fact proven in a). O

LeEmMA 5.55 (E-V-MonoTonIcITY). IfS : (k,¥) and0 < j < kand¥’' 2 S and (k—j,¥’) 23 (k,¥) and>’ : (k—j, V')
then
(1) If(k, ¥, %, e) € ET[[7] then (k - j, ¥, %, e) € T[]
@) If(k,¥,%,6) € VT[] then (k- j,¥,%",¢) € VT[]

Proor. Proceed by simultaneous induction on k and z:

e k =0:1) follows immediately from 2).
Proceeds similarly to the other case, but function and dynamic cases are vacuously true.
e k>0
1) Unfolding the expression relation in our hypothesis, we get that there is some (2", €’), j* such that
(Se) — (57,¢).
If e’ = Err® then we’re done.
Otherwise, there is some (k—j’, ¥"") 2 (k, ¥) such that 3" : (k—j/, ¥"") and (k—j’, ¥, 5", ¢') € VT[7].

By Lemma 5.48, 3" = [ - (o, )]

By the fact that 3/ : (k — j’, ¥””) this also means ¥/ = ¥t - 7.

We also know from 3’ 2 3 that 3’ = [/ — (¢/,_)], and from 3’ : (k — j, ¥’) that ¥’ = ¥[¢’ > 7’].
By alpha renaming, we can assume that ¢ ¢ dom(3"").

Then by Lemma 5.49, we get that (3, e) —>JT/ =T > (', )], e).

Now, unfolding the expression relation in what we want to show, we have two obligations:

a) X[ (0 )] (k= j= . ¥ [t > 7).
b) (k—j—j [Tt (o), )] €)eVI]r].
For a) we can apply Lemma 5.52. We have a number of obligations:
i) 2 : (k — j,¥): immediate by downward closure.
ii) ¥ 2 X: immediate.
iii) (k—j—j,¥"”) 3 (k- j,¥): by Lemma 5.53.
iv) 3 : (k- j—j’,¥¢”)i: immediate by downward closure.
v) ¢ ¢ dom(3""): assumed above by alpha renaming.
)

vi) 2[¢' = (v, )] : (k= j, Y[’ + 7']): this is exactly ' : (k — j, ¥).

For b), we can apply the IH 2) (not necessarily smaller by type or index) with the fact proven in a).
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2) We want to show that (k — j, ¥’,3’,¢) € VT r].
We case split on 7:

i) 7 = Nat: then X(¢) = (n,_) where n € T, so the case is immediate.
ii) 7 = tint: same as above.
iii) 7 = Bool: same as above.

iv) 7 =11 X 12: then X(¢) = ({f1, £2), ).
Unfolding our hypothesis gives us (k, ¥, %, £,) € VT [7;] and (k, ¥, 3, &) € VT [r].
Applying IH 2) (smaller by type) to both gives us (k— j, ¥/, 3/, £;) € VT[r1] and (k — j, ¥, 3’, ) €
VT z2], which is sufficient to complete the case.
v) 7= — 1p: Let 3 23 and (j/,¥") 2 (k- j,¥’) such that =" : (j/, ¥”).
Let & € dom(Z"") such that (j, %", %", £,) € VT[+].
Let K.
We want to show (j/, %", 3", app{K} £ &) € ET[K N z2].
Since D and J are both transitive, we have X’/ O %, and (j/, ¥"') 3 (k, ¥).
Therefore we can apply the hypothesis to complete the case.
vi) 7= we want to show (k — 1, %’,3’,£) € VT[Int] or VT[Bool] or VT [ x +] or VT[[+ — ].
This follows from IH 2) (smaller by index).

O

LEMMA 5.56 (BOT RELATION IF AND ONLY IF ERROR). (k, ¥, 3, ¢) € ET[L] and (5, e) —>JT (%', e’) where (X', ¢') is
irreducible and j < k, iff ¢’ = Err®.

PROOF. e =: Unfolding our hypothesis about e in the expression relation, we get that either:
- ¢ =Err®or
- 3(k-j,¥) 2 (k,¥)such that 3’ : (k- j,¥") and (k — j, ¥,%",¢’) € VT[ 1]
Assume for sake of contradiction the second case holds.
(k—j,¥,3,¢) € VT[ L] implies (k — j,¥",3’,%’(¢’)) € VT[ L], which is a contradiction.
Therefore, e’ = Err®.
e &:immediate.

O

LEmMMA 5.57 (TaAGMATCH MAKES VALUES IN RELATION AT MEET). IfK o pointsto(Z, £) and (k, ¥, 2, ¢) € (VT[[T]] then
(k-1,%,%,0) c VI[Kn]

Proor. There are three cases to consider:

(1) KNz = 1:a contradiction.

(2) KNt =r:immediate by Lemma 5.55.
(3) KNt =K and 7 = * immediate by unfolding the value relation in our hypothesis, and noting that whichever

type of Int, % X % or * — * we satisfy must be K.
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]

LEmMA 5.58 (CHECK MAKEs TERMS IN RELaTION AT MEET). If (k, ¥, 3, e) € 8T[[T]] then (k,¥,X,assertKe) €
ET[rmK].

Proor. Unfolding the expression relation in our hypothesis, we have that Je’,3’, j such that (T, e) —>JT (2, ¢)
and (X', ¢’) is irreducible.
If ¢/ = Err® then we're done.
Otherwise 3(k — j, ¥’) 3 (k,¥) such that 3’ : (k — j, ¥’) and (k — j, ¥,3’,¢’) € V[ 7].
It suffices to show (k — j, ¥/, 3’ assert K ¢’) € ET[r nK].
By the OS, if =K « pointsto(3’, ¢’) then (3, assert K ¢’) —7 (2, Err®) and we’re done.
Otherwise, (3, assert Ke’) — 71 (2, ¢’) and K « pointsto(2/,€’).
By Lemma 5.57, we therefore get (k — j — 1,¥/,3',¢’) € (VT[[T M K], which is sufficient to complete the proof. O

LEMMA 5.59 (TAGMATCH MAKES VALUES IN HISTORY RELATION AT MEET). IfK o« pointsto(Z, ¢) and (k,¥,2,¢) €
VHT1,7] then (k-1,%,%,0) € VHT[Kn7,7]
Proor. There are three cases to consider:

(1) KM= 1:a contradiction because K o« %(f) and (k, ¥, %, ) € VT[z].

(2) KNz =r7:immediate by Lemma 5.51.
(3) KN =K and 7 = *: immediate by unfolding the erroring value relation in our hypothesis, and noting that

whichever type of Int, * X * or * — * we satisfy must be K.

O

LEmMMA 5.60 (CHECK MAKES TERMS IN HISTORY RELATION AT MEET). If(k, ¥, 3, ¢e) € 87—(T|[r, 7| then (k,¥,3, assertK e) €

EHT[znK,7].

Proor. Unfolding the erroring expression relation in our hypothesis, we have that Je’,3’, j such that (3, ) —>JT
(2’,¢’) and (2’, ¢’) is irreducible.
If ¢/ = Err® then we're done.
Otherwise 3(k — j,¥’) 2 (k,¥) such that 3’ : (k — j,¥’) and (k — j, ¥’,%",¢’) € VH"[T] 7.
It suffices to show (k — j, ¥/,%, assert K e’) € 87‘{T[[T nkK,z].
By the OS, if =K « pointsto(Z’, ¢’) then (3, assert K ¢’) —1 (2, Err®) and we’re done.
Otherwise, (3, assert Ke’') — 7 (2, ¢’) and K « pointsto(2/,¢’).
By Lemma 5.59, we therefore get (k— j—1,9’,3’,¢’) € VH"[T]r N K, 7, which is sufficient to complete the proof. O

LEMMA 5.61 (LATTICE ORDERING PRESERVES RELATION). If7 < 7’ then

(1) If(k, ¥, %, e) € ET[[7] then (k,¥,%,e) € T[]
@) If(k,¥,%,6) € VT[] then (k,¥,3,¢) € VT[].

PROOF. (1) Unfolding the expression relation in our hypothesis, we have that 3e’,3’, j such that (Z, ) —>JT
(2’,¢") and (¥’, ¢’) is irreducible.
If ¢/ = Err® then we're done.
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Otherwise 3(k — j, ') 3 (k, ¥) such that 3’ : (k- j,¥’) and (k - j, ¥, %, ¢’) € VI[].
It suffices to show (k — j, ¥/,%",¢’) € (VT[[r']], which follows by IH 2).
(2) Proceed by induction over the lattice ordering:
(a) 7 < 7’: follows from Lemma 5.50.
(b) r=r1 X, =1 X1, 11 <7f,and 12 < 7
Then unfolding the location relation in our hypothesis, we have that Z(¢) = ({¢1, £2), _).
We also have that (k, ¥, 3, £1) € "VT|[T1]] and (k,¥,3, ) € (VT|[1'2]].
Unfolding the relation in what we want to show, we want to show (k, ¥, X, £;) € (VT[[T2]] and (k,¥,2, 6) €
VT[[7;]. which follows by IH 2).
() 1=%—>1,7 =% > 1),and 7o < 7/
We want to show (k, ¥, 3, ) € (VT|[* - 7].
Let (j,¥’) 3 (k,¥) and 3’ 2 ¥ such that 3’ : (j, ¥’).
Let £, € dom(3’) such that (j, ¥’,3’, £,) € VT[+].
Let K.
We want to show (j, ¥/, %", app{K} € &) € ET[z, nK].
From our hypothesis, we get that (j, ¥/, 3’,app{K} £ £,) € [z, M K].
The proof follows from IH 1).

(d) 7’ = Proceed by case analysis on 7

(i) 7 = Nat: Immediate.
(ii) 7 = Int: Immediate.
(iii) 7 = Bool: Immediate.
(iv) 7 =11 X 12: Then unfolding the location relation in our hypothesis, we have that X(¢) = ({f1, £2), _).

We also have that (k,¥,3, ) € (VT[[‘H]] and (k,¥,3, &) € (VT|[1'2]].
Unfolding the relation in what we want to show, we want to show (k — 1, ¥, 3, ;) € VT[[+] and
(k-1,9,3,6) € (VT|[*]], which follows by IH 2) and Lemma 5.55.
(v) 7 =% — r’: We want to show (k, ¥, %, ¢) € VI[[x — «].
Let (j,¥’) 2 (k,¥) and 3’ 2 ¥ such that 3’ : (j, ¥').
Let & € dom(Z’) such that (j, ¥/,3’, £,) € VT[].
Let K.
We want to show (j, ¥/, %", app{K} € &) € ET[K].
From our hypothesis, we get that (j, ¥',3’,app{K} ¢ £,) € ET[7' nK].
By the IH 1), we get that (j, ¥/, %, app{K} ¢ £&,) € ET[K] which is what we wanted to show.
o

LEMMA 5.62 (PAIRS OF SEMANTICALLY WELL TYPED TERMS ARE SEMANTICALLY WELL TYPED). If (k, ¥, %, e1) € 8T[[r1]]
and (k,¥,3, e5) € ST[[TZ]] then (k, ¥, 3, (e, e2)) € 8T[[r1 x 2]

Proor. Unfolding the expression relation in our hypothesis about e;, we get that there are (3, e]), j such that
(2, e1) —>]T (2, €]) and (', e7) is irreducible.
If e = Err®, then were done because the entire application steps to an error.
Otherwise, there is a (k — j,¥’) 3 (k,¥) such that 3" : (k — j,¥) and (k — j, ¥’,%’,¢]) € VT [x].
This means e] = ¢ for some £; € dom(X').
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With this and by the OS, we get (Z, ey, e2)) —>JT (27, (locy, e2)).

We can apply Lemma 5.55 to our hypothesis about e, to get (k — j, ¥/, 3/, e2) € T[]

Unfolding the expression relation, we get that there are (X', e)), j such that (¥’, e2) —>§: (X', e5) and (2, ¢}) is
irreducible.

If ¢j = Err®, then were done because the entire application steps to an error.

Otherwise, there isa (k—j—j’, ¥"") 3 (k—j,¥’) such that 3" : (k—j—j’, ¥"") and (k- j - j', ¥", 3", e5) € VT[],

which means e} = £ for some £ € dom(X").

Putting everything together we get (3, (e1, e2)) —>JT/ (B, (b1, &2)), with =7« (k= j — j/, ¥").
Note by OS, (2", {t1,£2)) —1 (X[t + {f1,£)]) where ¢’ ¢ dom(Z"").

We firstly need 2" [¢/ +— ({f1,62), )] : (k—j—j = LY [/ = ¥ (£1) X ¥ (£2)]).

Note the only interesting part of this statement is that Vk’ < k — j — j' = 1. (K/,¥""[¢/ — ¥" (1) X ¥ ()], 2" [’ —
(a1, 2). )1.0) € VHT[¥” (61) x ¥ (&2)].

This is immediate from the fact that ¥/ : (k’,¥””) from downward closure, and therefore that (k’,¥”,%",¢;) €
VHT[9” ()] and (K, ¥, 3", &) € VHI[¥" (£)].

We know that (k — j,¥/,>',£) € VT[] and (k — j - j/, ¥, 5", ) € VT[], and Lemma 5.55 with down-
ward closure and the store typing judgement above.

From these facts we get that (k — j — j* — 1L,Y”[¢/ — ¥ (&) X ¥ (&)], 2" [¢' — ({f1,£), )], €1) € VT[r1] and
(k=j—J =LY [0 =¥ () x ¥V (&), [t - (0, &)], &) € V][]

This is sufficient to show (k — j — j/ = LY [/ = W (£1) X ¥ (£)], 2" [¢' — ({1, &), )], (&1, &) € V[ x o],

which is what we wanted to prove. O

LEMMA 5.63 (PAIRS OF RELATED TERMS ARE RELATED). If(k, ¥, 3, 1) € EHT [fse(7)] and (k, ¥, 3, e2) € S'HT[[snd(?)]]
then (k, ¥, 3, (e1, e2)) € EHT[7].

Proor. Unfolding the erroring expression relation in our hypothesis about e;, we get that there are (2, e;), j such
that (2, e1) —>JT (Z,e7) and (2, ) is irreducible.
If e = Err®, then were done because the entire application steps to an error.
Otherwise, there is a (k — j,¥’) 2 (k, ¥) such that 3" : (k — j,¥) and (k — j, ¥’,%’,¢]) € (V‘}{T[ﬁt(?)]].

This means e] = £; for some & € dom(X’).
With this and by the OS, we get (Z, (e1, e2)) —>JT (%', (locy, e2)).

We can apply Lemma 5.54 to our hypothesis about e; to get (k — j, ¥/, %, e3) € EH [snd(7)].

Unfolding the erroring expression relation, we get that there are (3, €), j* such that (3, e2) —>]T (2',e}) and (27, €})
is irreducible.

If e7 = Err®, then were done because the entire application steps to an error.

Otherwise, there is a (k — j — j’,¥"") 3 (k — j,¥’) such that 3" : (k — j - j,¥") and (k - j — j',¥",%",¢}) €
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VHT [ snd(7) ], which means e, = £ for some & € dom(3").
Putting everything together we get (I, (e1, e2)) —)JT/ (2", {ty, ), with " : (k- j — j/, ¥").
Note by OS, (2", {t1,£2)) —1 (" [t — ({f1, &), _)]) where ¢’ ¢ dom(Z"").

We firstly need 3 [¢/ +— ({b1,62), )] : (k—j—j = LY"[t' > ¥ ({y) X ¥ (£)]).

Note the only interesting part of this statement is that VK’ < k — j— j/ — 1. (K, ¥ [t — ¥ (&) X ¥ (£)], 2" [t’ —
(01, &), )], 0') € VHT[Y (0) x ¥ (&2)]).

This is immediate from the fact that " : (k’, ¥"”) from downward closure, and therefore that (k’,¥",%", ;) €
VHI[Y” ()] and (K", ¥, 3", t;) € VHI[¥" (£)].

We know that (k — j,¥,%", /) € VHT[fst()] and (k — j - j', ¥, 3", &) € VHT[snd(7)], and Lemma 5.51
with downward closure and the store typing judgement above.

From these facts we get that (k — j — j/ — 1, ¥ [¢/ > ¥ (6) X ¥ (£)], 3" [¢' — (&1, &), )], 01) € VHT[fst(D)]
and (k= j— j/ = LY [t/ = W' () x V" (&), [t/ = (t1,&)], ) € VH [snd(D)].

This is sufficient to show (k — j— j/ — 1, ¥’/ [¢/ > ¥ (&) x ¥ (£)], 2" [’ — ({£1, &), )], {1, &)) € VHT[7], which

is what we wanted to prove. O

LEMMA 5.64 (APPLICATIONS OF SEMANTICALLY WELL TYPED TERMS ARE SEMANTICALLY WELL TYPED). If (k, ¥, 2, e f) €
ET[* — 7] and (k, 9,3, e) € ET[[+] then VK, (k, ¥, app{K} ere) € ET[rmK].

Proor. Unfolding the expression relation in our hypothesis about ef, we get that there are (3, e]'c), Jj such that
j .- .
(Zep) —p (2, e}) and (%/, e}) is irreducible.
If e} = Err®, then we’re done because the entire application steps to an error.
Otherwise, there isa (k — j, ¥’) 3 (k,¥) such that X’ : (k — j,¥’) and (k — j, ¥/, %’, e}) e VT[+ - 7].
This means e}’c = ¢y for some ¢y € dom(Z’).

Using this, we know from the OS that (3, app{K} ef €) —>§. (%', app{K} lre).

We can apply Lemma 5.55 with X’ : (k — j, %) to our hypothesis about e to get (k — j, ¥",%’,e) € ET[[+].

Unfolding the expression relation, we get that there are (£, ¢’), j such that (3, ¢) _’JT, (2", ¢’) where (2", ¢’) is
irreducible.

If ¢/ = Err® than we’re done, because the whole application errors.

Otherwise, there exists (k—j— j/,¥”) 2 (k—j, ¥’) such that " : (k—j— j/,¥") and (k—j—j’.¥",%",¢') € VI[+].

This means e’ = ¢ for some ¢ € dom(2").

Putting what we have together, by the OS, (2, app{K} ef ¢€) —)J;jl (=", (app{K} £f 0)).
We have (k — j, ¥',3', ) € YT+ - 7] and (k—j— j,9”) 2 (k—j,¥)and 3" 2 3" and 3" : (k — j — j/, ¥").
We can combine these to get (k — j — j', ¥/, 2", app{K} {5 ) € ET[rmK].

This is sufficient to complete the proof. O
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COROLLARY 5.65. If (k, ¥, %, ¢) € ET[*] and 2(¢) = w and (k, ¥, %, ¢) € ET[*] then (k — 1,¥,3, app{+} we) €
ETI+].

LEMMA 5.66 (APPLICATIONS OF RELATED TERMS ARE RELATED). If (k, ¥, 2, ef) € 8‘7-{T[[r, 7| and (k,¥,%,¢) € ST[[*]]
then VK, (k,¥, %, app{K} er e) € EHT [ cod(r) MK, cod(T)].

Proor. Unfolding the erroring expression relation in our hypothesis about ef, we get that there are (', e}), Jj such
that (2, er) —>JT >, e}) and (%, e}) is irreducible.
If e} = Err®, then we’re done because the entire application steps to an error.
Otherwise, there is a (k — j, ¥’) 2 (k, ¥) such that 3’ : (k — j,¥’) and (k — j, ¥’,%’, e}) e VHT[r,7].
This means e} = {7 for some ¢y € dom(Z’).

Using this, we know from the OS that (2, app{K} ef e) —>JT (%', app{K} tre).

We can apply Lemma 5.55 with 2’ : (k — j, ¥’) to our hypothesis about e to get (k — j, ¥’,%’,¢) € ET[*].

Unfolding the expression relation, we get that there are (£, ¢’), j such that (3, ¢) —»JT, (2”,¢") where (Z”,¢’) is
irreducible.

If ¢’ = Err® than we’re done, because the whole application errors.

Otherwise, there exists (k—j—j’, ¥”") 2 (k—j, ¥’) such that 3" : (k—j—j’,¥"") and (k—j—j". ¥, 5", ¢") € VI[+].

This means e’ = ¢ for some ¢ € dom(Z"").

Putting what we have together, by the OS, (%, app{K} ef ) —J;rjl (", (app{K} 5 0)).

We have (k - j, ¥, %, {r) € YT+ - 7] and (k- j - j,9”) 2 (k- j,¥)and 3" 2 3" and 3" : (k — j — j/,¥").
We can combine these to get (k — j — j/, ¥/, 5", app{K} £y ¢) € EHT [ cod(r) MK, cod(T)].

This is sufficient to complete the proof. O

CoroLLARY 5.67. If (k,¥,2,ef) € EH[[+7] and (k - 1,¥,%,¢) € ET[[] then (k - 1,¥,%, app{ro}er e) €
EHT [, cod(D)].

LEMMA 5.68 (Dynamic CHECKS ARE NOOPS). (1) If (k+1,%,3, assert = e) € ET[[7] then (k, ¥,3,e) € ET[r].
(2) If (k +1,%,3, assert * ¢) € EHT[7] then (k,¥,3,e) € EHT[7].

PROOF. (1) assume there is ', €’, j such that (3, ) —>;ﬂ (%', ¢’) where (3, ¢’) is irreducible.
By the OS, we get that (2, assert * e) —>jT (3/, assert * e’).
Then by OS, we have (3, assert * e’) —>JT (2, ¢).
Therefore, we can apply our hypothesis to complete the proof.

(2) Same as previous case, just using the history relation.

LEMMA 5.69 (MONITOR COMPATIBILITY). If¥ : (k, V), then
(1) If(k, ¥, %,¢) € VI[7] and=(¢') = (¢, some(K’,K)), then (k, ¥, %, ¢) € VI[K' mK 7]
@) If(k,¥,%,e) € ET[t K M K’] then (k,¥,%, mon{K’ &= K}e) € ET[rmKnK'].
3) If (k,¥,%,£) € VHI[¥(0)] and 3’ = [’ +— (£,some(K’,K))] and ¥’ = [/ — K',K,¥(¢)|¥ and ¢’ ¢
dom(%) and v 3’ then (k,¥,3",¢') € VHT[K', K, ¥(¢)]
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4) If (k, ¥, 3, e) € EHT[7] then (k,¥,S, mon {x < }e) € EH [+ 7]

ProoF. Proceed by simultaneous induction on k and 7.

e k =0:2)and 4) follow from 1) and 3) respectively.
The proofs follow similarly to the other case, but any function or dynamic cases are vacuously true.
e k>0:
1) Unfolding the relation in the statement we want to prove, note from our hypothesis about %, we get that
F 2
Proceed by case analysis on z MK M K’:
i) =7 MKMK’: Immediate.

ii) M K MK’ = L: then either K or K’ is L, which is a contradiction since they both tagmatch
pointsto(Z, £).

iii) MK MK’ <: 7:then 7 = Int and K or K’ = Nat.
Immediate because by + %, Nat o pointsto(Z, £).
iv) MK MK’ # r: then it must be the case that 7 = x and K or K’ = * — =.
Note K or K’ cannot be * X *, by + 2.
Unfolding the relation in our hypothesis, we have that (k — 1,¥, %, £) € VT [+ — «].
We want to show that (k,¥,%,¢") € (VT[[* — ]
Unfolding the relation, let (j, ¥”) 3 (k, ¥) and 3’ 2 3 such that 3 : (j, ¥/).
Let £, € dom(Z’) such that (j, ¥, %", &) € VI[+].
Let K.
We want to show (j, ¥/, %", app{K} ¢’ &) € ET[K].
By the OS, (3, app{K} ¢’ ¢,) —ﬁ; (3, assert K (mon {x < #} (£ (mon {* & x} £,)))).
By IH 2), we have (j, ¥/, %', mon {+ < %} £,) € ET[+].
By Lemma 5.64, we have that (j, ¥/, 3/, app{K} £ (mon {x < *} £,)) € ET[K].
Then by IH 2), we have (j, ¥/, %', mon {+ < } (app{K} £ (mon {* < %} £,))) € ET[K].
Note that (j, ¥/, %/, mon {* < *} (app{K} £ (mon {x < %} £,))) € ET[K] iff (j, ¥, %', assert K (mon {* & =} (¢ (mon
ET[K].
Therefore, this is sufficient to complete the case.
2) Unfolding the expression relation in our hypothesis, we have that there are (¢’,%’), j such that (e, 3) —>§.

(e’,%") with (¢’,’) irreducible.

If ¢/ = Err® then we're done, because the monitor will step to an error as well.

Otherwise, there is (k — j, ¥") 2 (k, ¥) such that 3’ : (k — j,¥’") and (k — j, ¥",%’,¢’) € VT [tnKnK'].

This means 3¢ € dom(>’) such that e’ = ¢.

We want to show (k — j, ¥/, %', mon {K < ¢} 68T|[T NKMK'].

We destruct on whether 3’ () is a pair.

If 3 (¢) = ({f1, 2), ), then by the OS, (X’, mon {K < ¢} —1 (3, {mon {* & *} f1, mon {* & =} £2)).

Then by Lemma 5.62, it suffices to show (k—j, ¥/, 3/, mon {* & £} €T [[fst(r)] and (k—j, ¥’, %/, mon {* < &} €& [ snd(1)]
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These both follow from IH 2) (smaller by index).
Otherwise, by the OS, (X', mon {K < ¢} —1(2'[£' — (£, some(K’,K))], ).
Then by IH 3), we get X' [¢/ — (£,some(K’,K))] : (k—j— LY [¢' » K',K, ¥’ (¢)]).
And by TH 1), we get (k— j— 1, ¥/ [¢/ +— K", K, ¥/ ()], 2’ [’ > (£, some(K’,K))].¢') € V[t nKnK'].
These two facts are sufficient to complete the case.
3) We proceed by case analysis on K’ (note by the fact that - 3/, K o« K’):

(a) K’ = Nat: Since we already know (k, ¥, %, ) € VHY[N]¥(¢), it suffices to show (k, ¥,%,¢') €
VYN[K'] and (k, ¥, %, ¢') € VN[K].
This is immediate from + ¥, which implies K’ o pointsto(Z’, £) and K « pointsto(Z’, ¢’).

(b) K’ = Int: same as the Nat case.
(c) K’ = Bool: same as the Nat case.
d) K’ = = X *: this case is a contradiction by the fact that + 3.
y
e) K’ = * — =: Since pointsto(Z, £) o« K’ and pointsto(Z, ) «< K, K = % or * — *.
P P

Also, since X/, we get that ¥(¢) = [, ] or [* — * ']

From the fact that (k, ¥, 3, £) € VHT[¥(¢)], we get that (k, ¥, %, £) € VH [, 7] or (k, ¥, 3, ¢) €
(V‘]-{TII* — %],

In the case of %, we can unfold and get (k — 1, ¥, %, ¢) € ’VWT[* — *,7]].

Otherwise we can get the same using Lemma 5.51.

Similarly, we want to show that (k,¥’,3’,¢’) € (VWT[[K’, K¥(0)].

By Lemma 5.51, in the K’ = * case, it suffices to show (k, ¥/,3’,¢’) € "V?‘{T[* — =« K, ¥(0)].
Solet (j,¥”) 2 (k,¥’), and let ¥ 2 3’ such that = : (j, ¥').

Let £, € dom(X"") such that (j, ¥"',%", ¢,) € (VT|[*]]

Let K.

We want to show (j, ¥, 3", app{K"'} ¢’ £,)) € EHT[K"’, *, cod(¥(t))].

By the OS, (2", app{K"'} ¢’ ty) —1 (3", assert K" (¢’ ty)).

By Lemma 5.60, it suffices to show (j — 1, ¥, 3", ¢’ £,) € EH [+, %, cod(¥(£))].

By the OS, (3, ¢ £y) —1 (2", mon {x & *} (£ (mon {* & x} £,))).

By IH 2) (smaller by index), it suffices to show (j—2, ¥”, 3", ¢ (mon {* < %} £,)) € EH [+, %, cod(¥(£))].
By Lemma 5.68, it suffices to show (j—1, %"/, 3"/, assert = £ (mon {x < =} £,)) € 871T[[*, x, cod('P(£))].
Then by the OS, it suffices to show (j, ¥”/, %", app{*} £ (mon {x &< %} £,)) € S‘HT[[*, x, cod(¥(£))].
By IH 2), (j,¥”, 3", mon {+ < *} £,) € VT[«].

Unfolding, we get that there exists some j’, ¢’’, 3" such that (2", mon {x < =}) —>§: =", e).
If e’ = Err®, then we’re done because the entire application errors.

Otherwise, we get that there exists a (j — j/,¥’”) 2 (j,¥”) such that 3’7 : (j — j/, ¥’"’) and
G=j ez ey e VT«].

Note by the operational semantics, j* > 1.

By Lemma 5.51, we get (j — j/, 9", 2", ¢) € (VWTII* — *7]]

Finally we can apply this hypothesis to the fact about e’’ to get that (j — j/, ¥"”, X", app{*} £ €”’) €
EHT %, *, cod(¥(£))], which is sufficient to complete the case.

(f) K’ = =: unfolding the relation in what we want to show, the proof follows by IH 3) (smaller by index).
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4)

Unfolding the expression relation in our hypothesis, we have that there are (e’,3’), j such that (e, 3) —>JT
(e¢’,2") with (¢’, ) irreducible.

If ¢’ = Err® then we’re done, because the monitor will step to an error as well.

Otherwise, there is (k — j, %) 3 (k, ¥) such that 3’ : (k — j,¥’) and (k — j, ¥, %, ¢') € VHT[7].

This means 3¢ € dom(X’) such that ¢’ = ¢.

We want to show (k — j, ¥/, 3/, mon {x & %} ) € SWT[[*, =P (0)].

For ii), by OS, if =/ (£) = ({f1, £&2), _), then (2, mon {* & £} —>7(Z’, (mon {* < %} {1, mon {* & *} £)).
Then by Lemma 5.63, it suffices to show (k — j — j' = 1,7, %, mon {* & 1} € VH [+ * 7] and (k — j —
j = 1,%,%, mon {x < £} G(V‘HT[[*, % 7).

Both of these follow from (4) (smaller by index).

Otherwise, by the OS, (X', mon {* & %} ) —1 (Z'[t’ > (£, some(x,*))],¢’).
We can finish the proof by applying IH 3) (smaller by index).

O
LEMMA 5.70 (EXPRESSION RELATION IMPLIES ERRORING EXPRESSION RELATION). (1) If (k,¥,%,e) € ST[[T]] then
(k,¥,%,¢e) € EHT[7].
@) If (k, ¥, %, ¢) € VT[] then (k,¥,%,£) € VHT[7].
ProOF. Proceed by induction on k and z:
e k =0:1)is immediate from 2).
— 7 = Int: immediate.
- 7=11 X 12: then X(¢) = ({£1,£2), ).
The case follows from the IH on #; and £;.
- T =11 — 72: vacuously true.
— 7 = %: vacuously true.
e k > 0:1) is immediate from 2).
— 7 = Int: immediate.
- =11 X 12: then 2(¢) = ({£1, &), ).
The case follows from the IH on #; and £5.
— 7 =11 — 12: Follows from 1) from the IH (smaller by index).
— 7 = *: Follows from 2) from the IH (smaller by index), using # X %, * — x, or Int.
[m}

5.4.3 Compatability Lemmas

LEMMA 5.71 (T-VAR COMPATIBILITY).

(X‘() :K()) el

T'Fx:Kp
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Proor. Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).
We want to show (k, ¥, %, y(x)) € ET[r].
Since x : 7 € T, we get that y(x) = ¢.
Since (k, ¥,%,y) € GT[[T], we get (k,¥,%,¢) € VT[z].
Then we get that (k, ¥, %, £) € T[] immediately since ¢ is already a value and we have as a premise that 3 : (k, ¥). O

LEMMA 5.72 (T-NAT COMPATIBILITY), ———————————
[T+ np : Nat]|

Proor. Let (k,¥,3,y) € QT|[F]] such that ¥ : (k, ¥).
We want to show (k, ¥, %, y(n)) € ET[Nat].
Note y(n) = n.
By the OS, we have (Z,n) — 7 (Z[¢ — (n,none)], £).
We get (k, ¥, %, ¢) € VT[[Nat] immediately because n € T.
Since VT [Nat] does not rely on ¥ or X, we have that (k, ¥[¢ — [Nat]],=[¢ — (n,none)],¢) € VT[Nat].
Since £ — Nat, we have that (k, ¥[¢ — [Nat]],2[¢ — (n,none)],¢) € VT[Nat].
Similarly we have (k, ¥[¢ — [Nat]],2[¢ — (n, none)],¢) € VH"[T]Nat.

Therefore, given we know X : (k, ¥), we know 2[¢ +— (n,none)] : (k, ¥[f +— [Nat]]). O
LEmMA 5.73 (T-INT COMPATIBILITY), —————
|[F Fig: lnt]]

Proor. Not meaningfully different from T-Nat O

LEMMA 5.74 (T-TRUE COMPATIBILITY). —————————
[T F True : Bool]

Proor. Not meaningfully different from T-Nat O

LEMMA 5.75 (T-FALSE COMPATIBILITY), ———————————————
[T r False : Bool]

Proor. Not meaningfully different from T-Nat O

[[1“0, (xO:Ko) Fep: Tl]]
|[F0 F A(x0:Kp)- ep : *—>T1]]

LEMMA 5.76 (T-LAM COMPATIBILITY).

Proor. Let (k,¥,3,y) € QT|[F]] such that 2 : (k, ¥).
We want to show (k, ¥, %, y(Ax; : K.e1)) € 8T+ — n].
Note that y(Ax; : K. e1) = Ax1 : K. y(eq1).
Since Axj : K.y(e1) is a value, by the OS we have (Z,Ax1 : K.y(e1)) —1 (Z[£ — (Ax1 : K.y(e1), none)]), where
t & dom(Z).
We choose our later ¥/ to be ¥[£ +— * — x].

We now have two obligations:
(1) (k—1L,¥[t % —> «[,Z[¢ — (Ax1 : K. y(e1), none)], ) € (VT[[* -]

(2) Z[£+— (Ax1 : K.y(e1),none)] : (k= 1, ¥[f > * — x])
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For 1), we want to show (k — 1, ¥[£ > % — x|, 2[f + (Ax1 : K.y(e1), none)],Ax; : K.y(e1)) € (VT[[* - n].
Unfolding the value relation:

Let (j,9') 3 (k- L Y[+ * > x]) and 3 2 Z[¢ — (Ax1 : K. y(e1), none)] such that 3’ : (j, ¥’).

Let £, € dom(X’) such that (j, ¥,3’,£,) € VT[].

Let K.

We want to show (j, ¥/, 3/, app{K} £ &) € 8T[r N K].

By the OS, if =K « %(#,) then the application steps to an error and we’re done.

Otherwise, (', app{K} £ t,) —1 (', assert Ky(e1)[£y/x]).

By the definition of substitution, y(e1) [y /x] = y[x > &](e1).

Note that (j — 2,%,3/, y[x — &](e1)) € GT[L,x: K]:

i) (j—2¥.%,6) € VT[K] by Lemma 5.55 and Lemma 5.57.
i) Yy € dom(y), (j —2,¥",%,y(y)) € VT[T'(y)] by the premise about y and Lemma 5.55.

Therefore, we can apply the hypothesis to y[x — £,], ¥/,3’, and e; at j—2to get (j—2, ¥/, %, y[x — £](e1)) € ET[n].
Finally, we can apply Lemma 5.58 to get (j — 1, ¥/, %/, assert K y[x = &](e1)) € & [r; K] which is what we wanted

to show.

For 2), first note the domains are equal, since dom(XZ) = dom(¥).

Then note + X[¢ — (Ax1 : K.y(e1), none] since + X.

Thenlet j < k — 1 and let ¢’ € dom(Z[¢ — (Axy : K.y(e1), none)]).

If ¢/ # ¢, then we get the remaining conditions from ¥ : (k, ¥) and Lemma 5.51.

If ¢ = ¢, then note the structural obligation on ¥[£ — [+ — #]] is immediate.

We want to show (j, ¥[£ - * — ], 3[£ > (Ax1 : K.y(e1), none)],€) € VHI [+ — «].

Let (,9') 3 (k- L Y[+ * > #]) and 3’ 2 Z[¢ > (Ax; : K. y(e1), )] such that 3" : (j, ¥’).

Let £, € dom(Z’) such that (j, ¥,3’,£,) € VT[+].

Let K.

We get immediately that pointsto(2’, £,) o *, so we want to show (j, ¥/, %/, app{K} t £,) € 8‘HV|[4< nKj.
By the OS, if =K o« X(£,), then the application errors and we’re done. Otherwise, (2/, app{K} £ £,) —1 (Z’, assert K y(e1)[£»/x]).
By the definition of substitution, y(e1)[£y/x] = y[x — &](e1).

Note that (j — 2, %, 3/, y[x — £](e1)) € GT[[T,x : +]:

i) (j—2¥,%,6) € VT[K] by Lemma 5.55 and Lemma 5.57.
i) Yy € dom(y), (j —2,¥",%,y(y)) € VT[T (y)] by the premise about y and Lemma 5.55.

Therefore, we can apply the hypothesis to y[x — £,], ¥/,3/, and e; at j—2 to get (j—2, ¥/, %, y[x — £](e1)) € ET[n].
Then we can apply Lemma 5.70 to get (j — 2, %/, 3/, y[x = &,](e1)) € EH" [n1].

We can then apply Lemma 5.61 to get (j — 2, ¥, 3", y[x — &,](e1)) € EH"[+].

Finally, we can apply Lemma 5.58 to get (j — 1,¥’,%,assertKy[x — £](e1)) € SWV[[* M K] which is what we
wanted to show.

O
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|[F|-e() :T()]]
[Trer:m]

[[F F <60, €1> : TOXT1]]

LEmMMA 5.77 (T-PAIR COMPATIBILITY).

Proo¥. Let (k,¥,%,y) € GT[T] such that = : (k, ¥).
We want to show (k, ¥, %, y({e1, e2))) € ET [y x 2]
Note y({e1, e2)) = (y(e1), y(e2)).
We can apply the first hypothesis to get (k, ¥, %, y(e1)) € 8T [z1].
We can apply the second hypothesis to get (k, ¥, %, y(ez)) € ET[72].
Then by Lemma 5.63, (k, ¥, 3, (y(e1), y(e2))) € 8T[[r1 X 2], which is what we wanted to show. O

[[F Feo: To]]
[T+ cast{Ki < Ko} eo : K1 MKo Mo

LEMMA 5.78 (T-CAST COMPATIBILITY).

Proor. Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).
We want to show (k, ¥, %, y(cast {K; < Ko} ep)) € ET[K1 MKy Mrg].
Note y(cast {K; < Ko} e9) = cast {K; < Ko} y(eo).
We can apply the first hypothesis to get (k, ¥, %, y(ep)) € ET ]
Unfolding the expression relation, there are j, %', ¢’ such that (%, y(eo)) _)]T (2’,¢") where (%', ¢’) is irreducible.
If ¢’ = Err® then we’re done, because the entire boundary expression errors.
Otherwise, we know there is a (k — j, ¥’) 2 (k,¥) such that 3’ : (k — j, %) and (k — j, ¥’,%’,¢') € VT [n].
This means 3¢ € dom(3’) such that e’ = ¢.
By the OS, (3, cast {K1 < Ko} y(eo)) —>]T (3, cast {K; & Ko} ) —71 (Z',mon{K; & Ky} ¢).
By Lemma 5.55, (k — j — 1,'¥/,3/,¢) € ‘VT[[TO]].
By Lemma 5.69, (k — j — 1,'¥’,3',mon {K; < Ko} ) € ST[[Kl M Ko M 7p]], which is what we wanted to show. O

[Tre:x—>m]
[Trer:z]
[T+ app{Ki}eo e : KiMr]

LEMMA 5.79 (T-APP COMPATIBILITY).

Proor. Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).
We want to show (k, ¥, 3, y(app{K1} e €2)) € rST[[K1 nr].
Note y(app{K1} e1 e2) = app{K1} y(e1) y(e2).
By the first hypothesis we have (k, ¥, %, y(e1)) € T [+ — 71].
By the second hypothesis we have (k, ¥, %, y(e2)) € ST[[ré]].
By Lemma 5.61, we have (k, ¥, %, y(ez)) € ET[[+].
Then we can apply Lemma 5.64 to get (k,¥,X, app{Ki}y(e1) y(e2)) € (ST[[‘fl M K1 ]| which is what we wanted to

show. O
[[F Fep: J_]]
[TFe:z]
[T +app{Ki}eoer: L]

LEMMA 5.80 (T-APPBOT COMPATIBILITY).
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3277 Proor. Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).

78 We want to show (k, ¥, %, y(app{Ki} eo 1)) € ET[L].

3279

4 By Lemma 5.56, we have that (2, eo) —7. (¥, ¢)) where ej = Err®, which is sufficient to complete the case. O

3281

s [TFep:moxr]
: LEMMA 5.81 (T-FST COMPATIBILITY).

3283 [[F F fst{Ko} e : Ko M ‘[()]]
3284

3285 Proor. Let (k,¥,%,y) € GT[I1] such that % : (k, ¥).

328 We want to show (k, ¥, %, y(fst{Ko} e9)) € 8T|[ro NKo].

" Note y(fst{Ko} e1) = fst{Ko} y(eo)-

s From the first hypothesis, we have (k, ¥, 3, y(ep)) € ET [z x 71].

20 Unfolding the expression relation, there are j,>’, e/ such that (X, y(eo)) —>]T (2", €}) and ¢ is irreducible.
391 If ) = Err® then we’re done because the projection also steps to an error.

. Otherwise, there is a (k — j,¥’) 3 (k,'¥) such that 3" : (k — j¥’) and (k — j, ¥’,>', ¢)) € VT2 x 71].

504 Unfolding the location and value relations, we get that 2’ (eg) = ({fo, 1), _).

3205 By the OS, (3, fst{Ko} eo) —>{V ('fst{Ko} eg) —1 (X', assert Ko fo).

329 We can apply Lemma 5.55 to the premise that (k — j, ¥’,%",£) € VT[] to get (k—j — 1, ¥, %", 4) € VI [r].
27 Then we can apply Lemma 5.58 to get (k — j — 1,¥/, %/, assert Ky §) € ST|[T0 MKo].

3292

3298

300  Finally, we can apply Lemma 5.51 to get that X : (k — j — 1,'¥”), which is sufficient to complete the proof. O
3300

2 |[F Fep: J_]]

0 LEmMMA 5.82 (T-FSTBOT COMPATIBILITY).

3302 [T+ fst{Ko}eo: L]

3303

3304 Proor. Let (k,¥,%,y) € GT[T'] such that % : (k, V).

3305 We want to show (k, ¥, %, y(fst{Ko} eo)) € ET[[L].

e By Lemma 5.56, we have that (2, e9) —7 (2, ¢j) where ) = Err®, which is sufficient to complete the case. O

3307

08 [[F Fep: ToXT1]]

3309 LEMMA 5.83 (T-SND COMPATIBILITY).

3310 [[F + snd{Kl} e Kim T1]]

3311

1312 Proor. Not meaningfully different from the T-Fst case. O
3313

. |[F Fep: J_]]

s LEmMMA 5.84 (T-SNDBOT COMPATIBILITY).

3315 [T+ snd{Ki}eo: L]

3316

3317 Proor. Not meaningfully different from the T-FstBot case. O
3318

3319 [[F Fep: To]]

3320 [Tre ]

3321 LEMMA 5.85 (T-BINOP COMPATIBILITY).

o [T v binopeg e1 : A(binop, 7o, 71) ||

52 Proor. Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).

jjj: We want to show (k, ¥, %, y(binope e1)) € ET[Kz].

3326 Note y(binopeg e1) = binopy(eo) y(e1).

5327 By the first hypothesis applied to y we have (k, ¥, %, y(e)) € T [n].
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Unfolding we get there are j, X', ¢; such that (2, y(eo)) —>JT (%', ¢)) and ¢ is irreducible.
If e(’) = Err® then we’re done, because the whole operation errors.
Otherwise there is a (k — j,¥’) 3 (k,'¥) such that 3" : (k — j,¥’) and (k — j, ¥, %', ¢;) € VT z].

Note by Lemma 5.55 and Lemma 5.51, we have (k — j, ¥/,3’,y) € GT[I1] and 3’ : (k — j, ¥’).

By the second hypothesis applied to y we have (k — j, ¥, %", y(e1)) € ET[z1].

Unfolding we get there are j/, 3", e] such that (3',y(e1)) —>;.’ (=", e7) and e] is irreducible.

If e] = Err® then we’re done, because the whole operation errors.

Otherwise, there isa (k- j— j/,¥"") 2 (k- j, ¥) such that " : (k—j—j,¥") and (k—j—j’, %", %", ¢]) € VT ].

From the definition of A, K3 = Int or Nat or L.

In the case of L, we’re done because either 7( or 71 is a L, which is a contradiction.

Otherwise, the cases proceed identically, so without loss of generality assume Ky = Int.

70 = 71 = Int, and therefore pointsto(2"’, ()e;) = ip and pointsto(Z”, e]) = i1.

If binop = quotient and iy = 0 then (2, binope e;) —71 (2, DivErr), so we're done.

If binop = quotient and iy # 0, then (X", binope( e]) —1 (2", i0/i1) —>1 (X" [£ = (io/i1, none)], £).
Since ig/i1 € Z, we're done.

If binop = sum then (X", binopej e]) —1 (X", io +i1) —>1 (3" [€ = (ip + i1, none)], £).

Since iy + i1 € Z, we're done. O
[T F e : Bool]
[[F Fep: T()]]
|[T Feg: Tl]]

LEMMA 5.86 (T-IF COMPATIBILITY).
[T Fif eo then e; else ez : 79 L 71 |

Let (k,¥,3,y) € GT[[T] such that % : (k, ¥).
We want to show (k, ¥, 3, y(if ey then e; else e3)) € ST[[TO un].
Note y(if ep then e else e2) = if y(eg) then y(e1) else y(e2).
From the first hypothesis applied to y, we know (k, ¥, %, y(ep)) € ET[[Bool].
Unfolding, we have that there is 3, ¢, j such that (Z, eo) —)é. (%', eg) where ¢ is irreducible.
If e(’) = Err® then we’re done, because the entire if statement errors.
Otherwise, there is a (k — j, ¥’) 2 (k, ¥) such that 3" : (k - j,¥’) and (k - j, ¥',3',¢)) € VT[Bool].

Unfolding the location and then the value relation, we get that pointsto(2’, ¢)) = True or pointsto(X’, ;) = False.

e pointsto(2’, ¢)) = True: Note by OS, (., if y(eo) then y(e1) else y(ez)) —)JT (2, if e then y(e1) else y(e2)) —71
(% y(e).
By Lemma 5.55 and Lemma 5.51, we have (k — j — 1,%/,5",y) € GT[I1] and 2’ : (k — j — 1, ¥").
From the second hypothesis, we get (k — j — 1, ¥, 3", y(e1)) € ET[[n].
Finally, by Lemma 5.61, we get (k — j — 1, ¥, 3/, y(e1)) € ET[[7o U 1] which is sufficient to complete the proof.
e pointsto(3’, ¢)) = False: same as other case except replace e; with e;.
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3331 Proor. o
3382

3383 [Trep:L]

3384 [Tre :m]

3385 [Trex:m]

3386 LEMMA 5.87 (T-IFBOT COMPATIBILITY).

3387 [T v if eo then g else ez : L]

3388

. Proor. Let (k,¥,3,y) € GT[T] such that % : (k, ¥).
3300  We want to show (k, ¥, 2, y(if ey then e; else e;)) € ST[[J_]].

3391 By Lemma 5.56, we have that (2, e9) —7 (', ¢;) where e = Err®, which is sufficient to complete the case. O
3392

3393 [T+er:m]

3394 <1

3395 LEMMA 5.88 (T-SUB COMPATIBILITY). ————————

339 [Trer:z]

3397

T .
4398 Proor. Let (k,¥,%,y) € G'[T] such that = : (k, ¥).
390 We want to show (k, ¥, 3, y(e1)) € ET[[z].
3400 From our hypothesis, we have (k, ¥, %, y(e1)) € 8T [z1].

:Z: We can apply Lemma 5.61 to finish the case. ]
3403

304 5.4.4 Transient with Truer Transient Typing is Vigilant

3405

3406 THEOREM 5.89 (TRANSIENT WITH TRUER TRANSIENT TYPING 1S VIGILANT). IfT F e : 7 then [T Fe: r]|T
3407

3408 Proor. By induction over the typing derivation, using the compatability lemmas. [}
3409

3410

3411

3412

3413

3414

3415

3416

3417

3418

3419

3420

3421

3422

3423

3424

3425

3426

3427

3428
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5.5 Vigilance Fundamental Property for Transient with Tag Typing
THEOREM 5.90 (TRANSIENT IS TAG VIGILANT). IfT kiag € : K then [T kiag € : K]]T
Proor. By Theorem 4.10, we have that there exists some 7 < K such that " k¢ € : 7.
By Theorem 5.89, we have that [T Fy e : 7] 7.
Unfolding this result and what we want to prove, we note the only distinction is that in what we have, we get

(k,¥,%,y(e)) € T[r], and what we want to prove is (k, ¥, 3, y(e)) € ET[K].
This follows directly from Lemma 5.61. O
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5 6 Contextual equivalence

3486

#7 6.1 Contextual Equivalence Logical Relation—No Store
3488

3489 DivErr ~ DivErr

390  TypeErr(z, v) ~ TypeErr(7/, v’)
3491
I < el 2 Vi) € GEITL (e, va(en)) € 84 ]
3494

3095 [T key €1 € : r]]é 2 [Tryyer < e :T]]é AT Feru €2 < € ZT]]é

3496

3497

3498 Q£|[F,x 7] 2 {(ky1lx = o1l y2[x > 02]) | (K y1,y2) € QL[[F]]
3499 A (k,v1,02) € (VL[[T]]k}

3500
3501
3502
3503 gl[[.]] = {(k,0,0)}
3504
3505

3506 &t (=1

3507

1>

{(k,e1,e2) | Vj < k,e]. 1 —>£ e Adrredg(ey)
’ * ’
s = Jey. e2 —71 €

3509 Ael ~ ey € Enr® v (k—j e, €}) € VL)
3510

3511

B2 Yy Lnt] £ (ko102 | 01 =02 € Z}

3513

3514

515 PL[Nat] £ {(k,01,02 | 01 =03 € N}

3516

3517

3518 (VL[[BOOIJ] 2 {(k,v1,02 | v1 = vy € B}

3519

3520

s VE[n x ] 2 {(k (u1,012), (021,022)) | (ko11,021) € VE[r1] A (k,vz1,022) € VE[22] }
3522

3523

3524

3525

3526

V[ - ] 2 {(konv) | Vi <k

3527

:zz Vo!, v, where (j,0],03) € (VL|[1'1]].

3530 VK,K’ where KMz, =K' M.

3531 .

s (japp{K} v1 v}, app{K’} vy v5) € E'[K M z2]|}
3533

3534

3535
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VL[] 2 (k31,52 6,6) | (k- 1,01,02) € VE[Int]
(k - 1,01,02) € V[ Bool]
V(k - 1,01,02) € VE[+ x +]
V(k - 1,01,02) € VE[+ — «]}

Vi) 20

6.2 Context typing

Truer transient contexts:
E = [] | A(x:K).E | (e,E) | (E,e) | app{K} e E | app{K} E e | fst{K} E | snd{K} E
| binopeE | binopEe | cast{K < K} E | if E then e else e | if e then E else e | if e then e else E
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3589

3590 T-Crx-HoLE T-Ctx-LaM T-CTx-PAIR-1

3591 I’cr I, (x:K) Fu E: (T > 1) wo 7 Trgg E: (I > 7) w 1q Tryue:m
3592

3503 Thyu [J: (@ p7)» 1 T kg A(x:K).E: (I, (x:K)p 1) o x> 1 T kg (B e) s (T 5 7) o 1y X1
3594

1505 T-Ctx-PAIR-2 T-Ctx-App-1

4596 Tryue:Ti Tryu E: (I > 1) wo 1p Tryg E: (I 5 7) v 5> 1 T'rirue:m

3597 T riry (&, E) : (T > 7) s 11 X1 T iy app{K}Ee: (I'>7) KM 1y

3598

3599 T-Ctx-AprpBoT-1 T-Ctx-App-2

3600 Tryg E: (T 5 7) » L T by €: 72 Thyue:*—11 Tryg E: (T 5 7) w1

3601

3602 T rery app{K}Ee: (I"p7) w> L T iy app{K}e E: (I"»7) w» KNy

3603

20t T-Ctx-ArrPBOT-2 T-Ctx-FsT T-Ctx-FstBot

s Tryue: L Tryu E: (I > 1) wo 1p Tty E: (Do 1) w1y X1 Tty E: (To 1)~ L
3606 T bty app{K}e E: (I">7) w> L T riy fSt{K}E: (T> 1) > KM 1y T by fSH{K}E: (T 1) w> L
3607

3608 T-Ctx-SND T-Ctx-SNDBOT

3609 Ty E: (Do 1) w1y X1y Trry E:(To1) » L

3610

sor1 Tty sSNd{K}E: (T>7) W K1y [ty sSNd{K}E: (T>7) » L

3612

o T-Ctx-Binor-1 T-Ctx-BiNor-2

j‘“i Trwu E:(To7) w1 Thyue:n Trpue:t  Tryu E: (Do 1) w1
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3615 T Firy binopEe : (T > 1) ~> A(binop, 11, 12) T bty binopEe : (T > 1) ~> A(binop, 11, 72)

3616

3617 T-Ctx-BND-1 T-Ctx-IF-1

3618 Tryu E: (To 1) »o T rirw E: (T'> 1) > Bool T Firuer:71 T Fery €2 : T2
3619 .

s Tryycast{Ky &K1} E: (Tr1) w K NK N7 T by if Ethenejelse ez : (T>7) w11 U T2

3621 T-Ctx-IrBoT-1

3022 T by E: (FDT)WJ_ T'hruer:m I'hruer:m

3623

3624 T kiry if Etheneelseey : (T>7) ms L

3625

3626 T-Crx-IF-2

3627 T Ftru €p : Bool Triry E: (T>7) Wy Thryuer:m

3628 T by if ey then Eelse ep : (T 1) w71 LU Ty

3629

3630 T-Ctx-IFBoT-2

3631 T Fruep:L Ty E - (I‘ > T) ~ Ty T'Frye2: 12

3632

2633 T by if ey then Eelse ez : (T 7) o L

3634

3635 T-Ctx-Ir-3

2636 T Ftry €p : Bool Irge1:71 Ity E: (To7) w1

3637 T Fery if ey thenejelse E: (T 1) w1y Uy

3638

3639 T-Ctx-IrBoT-3

3640 Triruep:L Criyer:ny Trira E: (T>T) > T2 2023-04-10 15:45. Page 70 of 1-104.
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6.3 Contextual equivalence statement

We define a logical relation for contexts:
[Tryu Ci = Co: (I > 1) »o '] 2 Ver, e2.[T Frrue1 ® €2 : 7] = [T Feew Cile1] = Colez] 1 ']

We define an abbreviation for the notion that an expression reduces to an eventual value without encountering an

error: e} = Je’. e —7 ¢’ A (val(e’))
THEOREM 6.1 (EXPRESSION RELATION IMPLIES REDUCTION EQUIVALENCE). If[[T Firy €1 ~ €2 : 7]|, thener | © ez |.
Proor. By applying Lemm 6.2 in both directions. O
LEMMA 6.2 (EXPRESSION RELATION IMPLIES REDUCTION EQUIVALENCE). If[[T kiry €1 < e : 7], thene; ] = ez |.

Proor. Since e; |}, then there exists some e ks.t. e —k e and e is a value and hence irreducible.

L
We want to show that e ||. Instantiate the premise with (k, 0, 0), obtaining that (k, e1, e2) € &t [z]. Instantiate j
with k and e] with e{, observing that e] being a value entails it is irreducible. Then ej from this relation is just what we

need, since ey reduces to it, and it is syntactically a value. O
The usual definition of contextual equivalence is then:
Ty e1 ~ e2: 7 2 VC 0 bty C: (T 7) w7/ = (Cler] | & Clez] 1)

THEOREM 6.3 (BINARY RELATION IS SOUND FOR CONTEXTUAL EQUIVALENCE). If[[T btry €1 % €3 : ]|, thenT kypy €1 =

ey :T.

Proor. Consider an arbitrary type 7’ and context C s.t. ® ry C @ (I > 7) ~» 7/. Then we must show that
Cler]Je C[ez] I. By Theorem 6.1, it is sufficient to show that [[e .y Cler] ~ Clez] : ']
By Theorem 6.71, [ +ry C ~ C : (T > 1) ~» 7’]. Unfolding this definition and instantiating it with e;, ez, and our

hypothesis about them, we obtain precisely the required conclusion. O

6.4 Binary relation—Proofs

6.4.1 Lemmas Used Without Mention

LEMMA 6.4 (VALUES ARE IN THE S-RELATION). If (k,0,0") € VL[], then (k,0,0") € E£[].

Proor. Consider arbitrary j s.t. o —J vr Airred g (vr). Note that j must be equal to 0 since values do not reduce.
Then choose v” as the e;, of the expression relation; it is easy to see that v’ reduces to v” in some number (0) of steps. By

our assumption, (k — 0,0,0") € (V'[’[[T]], so we are done. [m]

LEMMA 6.5 (ANTI-REDUCTION - HEAD EXPANSION - ExPRESSION RELATION CoMmUTES WITH STEPS). If (k, €], €7) €

&™) ande; —? ¢} and e; —7 then (k + j,e1,e2) € 8T 7]

T 'I‘2’

Proor. Consider arbitrary j’, e}’ s.t. e _’]T ey . If j* < j, by determinism of the operational semantics, e;” must
not be irreducible and so we are trivially done. Otherwise, assume 1|"redT(e1 ) and j° < k + j; we must show that
Jey'.ez — e Aley ~ey €Er®V (k+j—j e e)) € VYT[7].

Instantiate the hypothesis with (k + j* — j, e{). Since k + j* — j < k and the operational semantics are deterministic,
this gives us that Je}’.e; —7 e}’ A(e] ~ e} € Err®V (k+j—j’ el e)) € VT[], from which our conclusion follows
immediately. O
2023-04-10 15:45. Page 71 of 1-104.
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LEMMA 6.6 (ANTI-REDUCTION - HEAD EXPANSION - STEPS COMMUTE WITH EXPRESSION RELATION). If (k + j,e1,e2) €

ET([z] and e; —>jT e} and e —>jT e}, then (k, e}, e}) € ET[r]

j/ 7
T ¢1-
N " AP =/ " " T
We must show that Je.e) —7 e} A (e’ ~ e} € Err® Vv (k- j' el e) € VI[7].

Proor. Consider arbitrary j’, ]’ s.t. j* < k Airredr(e;’) Aej —

Instantiate the hypothesis with j+j’, e{’. Since j* < k, j+j" < k+j. Since the operational semantics are deterministic
. o . . . . ’” .
and transitive, the other conditions apply. Then the hypothesis provides precisely the appropriate e’ and conditions on

it and ei’. O

We define a notion of tags extended with bottom that are compatible with the usual lattice:

Kt=K|1
o 1 ifKt=1
|[K+| otherwise
False ifK+=1
OCJ' (B{J} U) —

voc Kt otherwise
LEMMA 6.7 (TAGOF-BOT IS COMPATIBLE WITH MEET). |Ki" MK3- |+ = |K;" |+ 1 [Kj- |-,
Proor. Immediate, by unfolding definitions and case analysis. O
LEMMA 6.8 (RELATION IMPLIES TAGMATCH). If (k,0,0") € VL[r] and K+ < | 7]+, then ot (K, v).

PrOOF. By case analysis on 7 and K in each case this follows immediately from unfolding the definitions of V

and tagmatch. O

6.4.2 Lemmas Used With Mention

LEMMA 6.9 (RELATED VALUES HAVE MATCHING CONSTRUCTORS). If (k,0,0") € (VL[[T]], then either
e v=0
: ’ ’ —_ ’r ’ 7’
o There exist some v1, 02,07, 05 S.t. 0 = (v1,02) and v’ = (0], v;)

o There exist some w,w’ s.t.v =w andv’ =w’.
ProorF. By induction on 7, unfolding the definition of ‘V in each case. O
LEMMA 6.10 (TAGMATCH IS UP TO APPROXIMATION). If (k,v,0") € VT[], then ot (KL, 0) oot (KL, v').
ProoF. By Lemma 6.9 and inspection of the definition of < (K, ). O
LEMMA 6.11 (TAGMATCH RESPECTS MEETS). o= (K" MK, v) oot (K, 0)A ot (K5, 0).
ProOF. By case analysis on K3, KéL; in each case the conclusion follows immediately by unfolding. O

LEMMA 6.12 (TAGMATCH IMPLIES VALUES IN RELATION AT MEET). If (k,0,0") € VT[] and ot (K, v), then (k —
1,0,0") € ‘VT|[KJ' nrj.

ProOF. Proceed by case analysis on K*:
2023-04-10 15:45. Page 72 of 1-104.
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* By lattice properties, K* Mt = 7, so this is trivial by Lemma ??.

Nat By the definition of tagmatch, v must be a natural number. By inspection, this is possible only when 7 is *, Int, or
Nat; in each case, K* M7 = Nat. By inspection on the relation, v always satisfied what is needed.

Int Analogous to the Nat case above.

#*X* By the definition of tagmatch, v must be a pair; by inspection this is possible only if 7 is * or some pair type. If
the latter, K* M 7 = 7, and so the conclusion is immediate; otherwise, K+ M 7 = %X, and the conclusion is
immediate from the definition of the = case of the relation.

*— % By the definition of tagmatch, v must be a w; by inspection this is possible only if 7 is * or some function type. If
the latter, K+ M 7 = 7, and so the conclusion is immediate; otherwise, K+ M r = *+ — %, and the conclusion is
immediate from the definition of the * case of the relation.e

1 Contradiction

LEMMA 6.13 (E-V-MONOTONICITY). (1) If (k,e1,e2) € 8T[ 7] and j < k, then (j, e1, e2) € ET[7].
@) If (k,01,02) € VT[] and j < k, then (j,v1,02) € VI[].

Proor. Proceed by simultaneous induction on k and :

e k = 0: 1) follows immediately from 2).
Proceeds similarly to the other case, but function and dynamic cases are vacuously true.

e k>0
1) Unfolding the expression relation in our hypothesis, we get that there is some ef, j* such that e; —>JT el

’
2

If e] = Err® then we're done.
Otherwise, (k — j’, e{, 5) € VT ].

and some e/, such that e; —

* ’
T 62.

Now, unfolding the expression relation, we want to show (k — j — j’, e}, }) € VT[].
We can apply the IH 2) with the fact proven in a).

2) We want to show that (k — j,01,02) € VI[r].
We case split on 7:

i) 7 = Nat: then where n € N, so the case is immediate.
ii) 7 = tint: same as above.
iii) 7 = Bool: same as above.

iv) 7 =1 X 72: Then unfolding our hypothesis gives us v1 = (01, 0]") and vz = (v, 07") with (k, v, 05) €
VT 7] and (, vy 0y) € VT [z].
The case follows by applying the IH 2) to both premises.
V) T=% > 1:Let j/ < k—j.
Let (j',0,03) € VT[[«].
Let K, K’.
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We want to show (j’, app{K} v v, app{K'} vz v}) € ET[Knr].
Since j' < k — j < k, we can apply the hypothesis to complete the case.

vi) 7= *: we want to show (k — 1,01,02) € VT [Int] or VT [Bool] or VT [+ x +] or VT [+ — «].
This follows from IH 2) (smaller by index).

O

LEMMA 6.14 (MONADIC BIND). Suppose that E1, Eo are any evaluation contexts (n.b. not a general context, as used else-
where in these proofs), (k, ey, e2) € ET[[ ], and for allk’, vy, va, ifk’ < kA(K',v1,02) € VT[] then (k’, E1[v1], E2[v2]) €
ET[].

Then (k,Eq[e1], Ez[ez]) € ET['].

Proor. Consider arbitrary j, e] s.t. j < k A Eq[eq] —>1T ey A irredr(e]). Then we must show that must show that
Jej.Exez] —7 ey A(e] ey € Err® v (k—jef,ep) € YT ]).

Because Eq[e;] reaches an irreducible term in at most j steps, by our operational semantics e; must itself reduce to
some irreducible term e in some smaller number of steps j’ < j. Then since j* < jAe; —)é. e3 A irredr(es), we can
instantiate our first assumption, obtaining that there similarly exists ey s.t. e2 —>; esN(e3 ~eq € Err®V(k—j' es3,eq4) €
VT[].

Suppose that e3 ~ e4 € Err®. Then by the operational semantics, E[e1] and Ez[ez] reduce to the same errors, so
instantiating e] and e, with them proves our goal.

Otherwise, we know that (k—j’, e3, e4) € T [z]. We may therefore instantiate our other assumption with k—j’, €3, e4
and this fact, obtaining that (k — j, Eq[e3], Ez[e4]) € ET[[z]. We still must show that Jej.Eale2] —T ey A(ejmex €
Err® v (k- j,ef,e)) € YT ]).

Instantiate the result of our assumption with step index j — j* < k — j* and e{. By determinism of the operational
semantics, E1 [e3] —>§._J e{, so we obtain that Jej.Ea[ea] —7 ey A(e] ~ ) € Err®V (k—j' = (j—j"), e}, €5) € YT ]).

Note that k — j' — (j— j’) = k — j, and that since Ez [es] —7. € and e; —7. e4, then Ez[ez] —7. €}, so this is precisely

* ’

T "2 T 2

the ej that we needed to show the existence of. O
LEMMA 6.15 (CHECK COMPATIBILITY). If (k,0,0") € ET[[r] and v’ = KMt = K’ M, then (k, assert K v, assert K’ v”) €

sT[].
Proor. Proceed by case analysis on K 11 7:

K Mt =1 Then it must be the case that K o v and K’ « v, meaning assert Kv — 7 v and assert K’ " — v’, which
is sufficient to complete the case.

K Mt =Natand 7 = Int Unfolding our hypothesis, we get that v =0’ and v € Z.
If v € N, then assert Kv — 7 v and assert K’ o/ —T o/, which is sufficient to complete the case.
Otherwise, assert Kv — 71 TypeErr(Nat, v) and assert K’ o’ — 7 TypeErr(Nat, v’), which is sufficient to
complete the case.

Knt=_1 Then assert Kv — 7 TypeErr(Nat, v) and assert Ko’ — 7 TypeErr(Nat, v"), which is sufficient to com-
plete the case.

Knrz=Kandt # K Thenr=x*and K =K.
We can unfold our hypothesis to get that (k — 1,0,0") € VT[K"’] for some K”’, which implies o’ o v.
By the OS, either assert Kv — v and v « K, or assert Ko — TypeErr(K, v) and —v « K.

In either case, we have the corresponding property needed to complete the case.
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[m}
LEMMA 6.16 (DYNaMIC CHECKS ARE No-ops). If (k + 1, assert # v, assert * o’) € E[z], then (k,v,0") € ET[[7]]
Proor. By the OS, assert * v — v and assert * v’ — v’.
Then by our hypothesis, (k,v,0”) € VT[r], which is sufficient to complete the proof. m]

LEMMA 6.17 (SUBTYPING COMPATIBILITY). (1) If (k,v1,02) € VT[[z] and 7 <1’ then (k,01,09) € VT[]
) If (k,e1,e2) € ET[7] andt <: 7' then (k, e1,e2) € ET[7'].

Proor. Proceed by mutual induction on k and 7:

e k =0:2is immediate if e # v.

If e = v then 2 follows immediately from 1.

1 follows identically in the k = 0 case as it does in the k > 0 case, but the function case is vacuously true.

e k>0:

(1) Casespliton 7 <:7':

i)
ii)

i)

’

7 <' 7: immediate.

Nat < Int: immediate because T C Z.

11X 1 <7y X 1y, with 1 <07 and 72 <07

We want to show (k,v1,02) € (VT[[T']].

Unfolding our hypothesis, we get that o1 = (0], 0]") and similarly for ;.

We want to show (k,v],0}) € VI[/] and (k,0},05) € VT[].

We can apply IH 1) to both of judgements in our hypothesis to get (k,v7,0) € (VT[[T{]] and
(kv v)) e VI[z].

This is sufficient to show (k, v1,02) € VT[7'].

* = 1y < x> 1, with 7 <o

We want to show (k,v1,02) € VT[7'].

Let j < k and (j,v7,v3) € VT[+].

Let K.

We want to show (j, app{K} v v],app{K} vz v}) € 8T|[Té nK]J.

Then, we can apply our hypothesis about v1, vz to get (j, app{K} v1 0], app{K} v2 v}) € ET[nK].
Finally, we can apply IH 1) to get (j, app{K} v1 v],app{K} 02 0}) € 8T|[T§ M K] which is what we

wanted to show.

(2) Unfolding our hypothesis, there is some j < k and irreducible e], e; such that e; —>JT ej and ez —7 €.
If e}, e; € Err® then we're done.
Otherwise, (k — j, e, e5) € YT[<].
By IH 1), we have (k — j, ], e}) € VT[], which is what we wanted to show.
]

LEMMA 6.18 (MONITOR COMPATIBILITY). If (k,v,0") € VT[r], then (k + 1, mon {K] & K1}, mon{K; &= Kz}v’) €

ET[«].

Proor. By induction on k and v:
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k =0 By case analysis on o, v’:
i, i’ By OS, mon{K] & K;}i —> iand mon{Kj & K3} i’ — i’e, so this is immediate.
True, True As in case i above.
False, False As in case True above.
(01,02), (v,05) Since (k,01,02) € VT 7], by inspection 7 must be either 71 X1y or *:
11X12 Note that mon {K] & K1} (v1,02) — {(mon {fst(K]) < fst(K1)}v1, mon {snd(K]) < snd(K1)}vz),
and similarly mon {K} & K3} (0], 05) — (mon {fst(K}) < fst(Kz)} 0], mon {snd(K}) < snd(Kz)} v3)

It is therefore sufficient to show that
(k, {mon {fst(K{) & fst(K1)} v1, mon {snd(K{) & snd(Kp) } v2), (mon {fst(Ké) < fst(K2)} Ui, mon {snd(Ké) < snd(Kz)} vé)) € 8T|[T1><1'2]

By unfolding, this is the same as showing (k, mon {fst(K]) < fst(K1)} 01, mon {fst(K}) < fst(Kz)}v]) €
ET[[71] and (k, mon {snd(K]) < snd(K1)} vz, mon {snd(K}) < snd(Kz)}vs) € AR
By Lemma 6.13, it suffices to show (k+1, mon {fst(K]) < fst(K1)} v1, mon {fst(K}) < fst(Kz)}v]) €
&[] and (k + 1, mon {snd(K]) < snd(K1)} vz, mon {snd(K}) & snd(Kz)}vs) € ET[=].
In both cases, IH applies and hence it suffices to show (k,v1,0]) € 8T|[T1]] and (k, v2,0) € 8T[[r2]].
These are both obtained by unfolding our assumption.
% Impossible, since k = 0.
w, w’ Since (k, w,w’) € (VT[[T]], by inspection 7 must be either * — 1’ or #:
*— 7’ Note that mon {K] & K1} w — grd {K] & Ki} w, and similarly mon {K; & K2} w’ — grd {K), &= Kz} w'.
Consequently, it is sufficient to show that (k, grd {K] < K1} w,grd {K;, & K2} w’) € Elx—7].
Consider arbitrary j < k, 0,0 s.t. (j,0,0") € (VT[[*]], K, K’. Then we must show that
(j,app{K} (grd {K] & K1} w) v,app{K’} (grd {K} & Kz} w') v’) € ETkn7].
By assumption, k = 0, so j = 0. Therefore, this is vacuously true.
* Impossible, since k = 0.
otherwise Impossible by Lemma 6.9.
k > 0 By case analysis on o, v’:
i,i’ Asink =0 case.
True, True Asin k = 0 case.
False, False Asin k =0 case.
(v1,02), (Ui, vé) Since (k,v1,02) € (VT[[T]], by inspection 7 must be either 71 X7 or *:
71X72 Asink = 0 case.
* By unfolding, (k — 1, w,w’) € VT[+xx]. By an argument essentially identical to the previous case,
merely reducing one application of monotonicity by one is sufficient to show what is needed.
w, w’ Since (k, w,w’) € VT[[z], by inspection 7 must be either +— 7’ or :
*— 1’ Note that mon {K] < K1} w — grd {K] & Ki} w,and similarly mon {K} < Kz} w’ — grd {K] & Kz} w'.
Consequently, it is sufficient to show that (k, grd {K] & K;} w,grd {K, & K2} w’) € ET[x—7].
Consider arbitrary j < k,0,0" sit. (j,0,0") € VT[+], K, K’ st. KMz = K’ M ¢’. Then we must show
that
(j-app{K} (grd {K] < K1} w) v,app{K’} (grd {K; < Kz} w’) v') € ET[K n'].
By OS, it suffices to show that
(j — L assertK ((grd {K] & K1} w) v),assert K’ ((grd {Kj, & K2} w’) 0')) € ETkn].
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By Lemma 6.15, it suffices to show that (j — 1, (grd {K] & K1} w) 0, (grd {K} & K2} w') 0') €
sT].
By OS, it suffices to show that
(j = 2,mon {cod(K]) < cod(K1)} w mon {dom(K}) < dom(K])} v,
mon {cod(K;) < cod(K3)} w’ mon {dom(Kz) & dom(K})}v’)
e &T'].
By IH, it suffices to show that (j—3, w mon {dom(K) < dom(K])} v, w’ mon {dom(K3) < dom(K})}0") €
ET[].
By Lemma 6.16, it suffices to show that
(j = 2,assert * w mon {dom(K;) < dom(K])}v,assert * w’ mon {dom(K;) & dom(K})}v") €
ET[].
By the definition of meet and OS, this is equivalent to
(j—1,app{*} w mon {dom(K1) < dom(K7)} v, app{*} w’ mon {dom(Kz) < dom(K;)}v’) € ET[+n
.
By unfolding the assumption that (k, w, w’) € ST[[* — 1], it suffices to show that
(j = 1, mon {dom(K1) < dom(K])} v, mon {dom(K») & dom(K})}v’) € ET[+].
By IH, it suffices to show that (j — 2,0,0") € ET[[+].
By Lemma 6.13, it suffices to show that (j,v,0") € ET[*].
This is immediate from the assumption that (j, v,0’) € VT[*].
+ By unfolding, (k — 1, w,w’) € VT [+ — «]. By an argument essentially identical to the previous case,
merely reducing one application of monotonicity by one is sufficient to show what is needed.

otherwise Impossible by Lemma 6.9.

COROLLARY 6.19. If (k,e1,ez) € ET[[r], then (k + 1, mon {K] < K1}, mon {K} < Ky} ez) € ET[[7].

J

Proor. Unfolding the expression relation in our hypothesis, we get that there is a j and e] such that e; —. e

such that e’ is irreducible, and an e} such that e; —7. e} and either they’re errors, or (k — j, e}, ;) € VT «].

If they’re errors, then we’re done because the monitors will also step to errors.
jT mon {K] < K} and mon {K] < K>} —>]T mon {K; & Kz} .
By Lemma 6.18, we have that (k — j,mon {K] < K}, mon{K; < Kz}) € ST[[T]], which is sufficient to complete the

Otherwise, we have mon {K] < K1} —

proof. O

LEMMA 6.20 (BOUNDARY COMPATIBILITY). If (k,v1,02) € VT[z] and ¢’ = K{MKinez=K)NKy Mz, then (k +
1,cast {K] & K1} vy, cast {K, & Kz} v2) € 7).

Proor. By Lemma 6.10, notice that ot (|77 |1, v1) ot ([7/]%, 02). By Lemma 6.11 and our assumption, therefore,
ot (K, o)A ot (Ky, o)A o« (|1]t, 01) oot (K3, v2)A ot (Kp, v2)A ot (|7]t, v2). By Lemma 6.10, oct
(Lz]*, 1) oot (L7t v2). Consequently, oct (K7, o1)A ot (Ky, v1) @t (Kb, v3)A «t (Kj, v)—which is to
say, either both of the values match both of their annotated tags, or both of them do not match at least one of their
annotated tags.

Consider then each case:
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Tags match By the operational semantics, it is sufficient to show that (k, mon {K] < Ki}v1, mon {K} < Kz} v2) €
sT].
By Lemma 6.18, it is sufficient to show that (k — 1,v1,0v2) € 8T[[T’I|.
By Lemma 6.12, it is sufficient to show that (k,v1,02) € 8T[[T]], which is our assumption.

Tags do not match Inspection of the operational semantics shows that both terms step to a boundary error, and so

are trivially in the relation.

O

LEMMA 6.21 (BOUNDARY COMPATIBILITY—OPEN RELATION). If[[T ktry €1 < €3¢ f]](T; andt’ = K{NKiNr =K NK;MNr,
then [T kiry cast {K] & K[} e1 < cast{K; & Kz} er : 7'].

Proor. Consider arbitrary (k,y,y’) € GT[T].

We must show that (k, y(cast {K] < K1} e1),y'(cast {K;, < Kz} e2)) € ET].

By the definition of substitution, it suffices to show that (k, cast {K] < K1} y(e1), cast {K; & Kz} y'(e2)) € gT(].

Instantiate the hypothesis with (k, y, y’), providing that (k, y(e1),y’ (e2)) € ET[7].

Then Lemma 6.14 applies. Consider arbitrary (k’,v1,v2) s.t. (k/,v1,02) € (VT[[‘[]] ; we must show that (k’, cast {Kl' =
K1} v, cast {K; & Kp} vg) € ET [ z]. This is immediate by Lemma 6.20 and Lemma 6.13. O

LEMMA 6.22 (APPLICATION COMPATIBILITY). If (k, vy, v}) € VI[+— ] and (k,vg,0,) € VT[r1] andv’ =Kz =
K’ M 1y, then (k, app{K} Of Vas app{K’} u}, o)) € 7]

Proor. Unfolding the V relation on our first assumption and instantiating with j = k, 0] = v4, v) = 0, K = K,

K’ = K’ gives precisely what is to be shown. m]

LEMMA 6.23 (APPLICATION COMPATIBILITY—OPEN RELATION). If[[T Fpy er1 <efy: *—wz]](T; andt’ = KiMN1ry = KoMty

and [T Fery €q1 < €g2 - 11]](Tj, then [T Ftry app{Ki} er1 ea1 < app{Kz} ey eq2 : r’]]g.

Proor. Consider arbitrary (k,y,y’) € GT[T].

We must show that (k, y(app{Ki} ey ea1), v’ (app{Kz} ef; €a2)) € sT['].

By the definition of substitution, it suffices to show that (k,app{Ki}y(es1) y(ea1),app{Kz} y’(efz) Y (ea2)) €
gT['].

Instantiate the first hypothesis with (k,y,y’), providing (k, y(ef1), Y (ef2)) € ET [+ — r2]. Similarly, the second
provides (k, y(ear), ¥’ (¢a2)) € ET[ 1]

Then Lemma 6.14 applies. Consider arbitrary (k’,vr1,v5;) € YT+ — o] with k’ < k. Then by Lemma 6.13,
(K',y(eq1), 7y (ea2)) € 8T|[1'1]], Lemma 6.14 again applies. Consider arbitrary (k”,v41,v42 € (VT|[T1]] with k" < k’.
We must show that (k”’, app{K1} v; va1, app{Kz} vf3 va2) € ET[']; this is immmediate by Lemma 6.22. O

LEMMA 6.24 (APPLICATION COMPATIBILITY—FUNCTION IS BOTTOM). If [T Firy ef1 S efy : J_]]g then [T Fery

app{Ki}er1 ea1 < app{Kz} ef; €qz : J_]]g

Proor. Consider arbitrary (k,y,y’") € GT[T].
We must show that (k,y(app{Ki} ef; ea1), v’ (app{Kz} ef, €a2)) € ET].
By the definition of substitution, it suffices to show that (k,app{Ki}y(ef1) y(ea1),app{Kz} y’(efz) Y (eq2)) €
ET].
Instantiate the first hypothesis with (k, y,y’), providing (k, y(ef1), v’ (ef2)) € ET[1].
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Then Lemma 6.14 applies. Consider arbitrary (k",vry,vr,) € YT L] with k’ < k. By unfolding of V no such values

can exist, so we are done. m]

LEMMA 6.25 (FsT coMPATIBILITY). If (k,0,0") € VT [ryx12] and 7’ = KMty = K’ M1y, then (k, fst{K} o, fst{K’} v") €
sT'].

Proor. Unfolding the definition of V tells us that there must be some v1,02,0],0} s.t. v = (v1,02), 0" = (v],03),
(k,v1,07) € VT[], and (, 02,0)) € VYT z,]. We must show that (k, fst{K} (v1, 02), fst{K'} (0], 0})) € sT].

By the OS, it suffices to show that (k — 1, assert K v1, assert K’ v]) € .

By Lemma 6.15, it suffices to show that (k — 1,01,07) € ET[[r1]. This is immediate by Lemma 6.13. u]

LEMMA 6.26 (FST COMPATIBILITY—OPEN RELATION). If [T kyy e < € : T1XT2]]£ andt = KNt =K' N1y, then
[T Feru fst{K} e < fst{K’} ¢’ : '] L.

Proor. Consider arbitrary (k,y,y") € GT[T].

We must show that (k, y(fst{K} e),y’ (fst{K’} ¢’)) € ET[[7'].

By the definition of substitution, it suffices to show that (k, fst{K} y(e), fst{K’} y’(¢’)) € ET['].

Instantiate the hypothesis with (k, y, "), providing (k,y(e),y’(¢)) € ET[r1 x12].

Then Lemma 6.14 applies. Consider arbitrary (k’,0,0”) € VT [r1xz;]]. We must show that (k’, fst{K} v, fst{K’} v’) €

ET[[7']; this is immediate by Lemma 6.25. m]
LEMMA 6.27 (FST COMPATIBILITY—PAIR IS BOTTOM). If[[T Firy €1 < €2 : Lﬂg then [Tty fst{Ki}e; < fst{Kz} ez :
T

Lo
Proor. By the same reasoning as Lemma 6.24. m]

LEMMA 6.28 (SND COMPATIBILITY).
Proor. Nearly identical to that of Lemma 6.25. O

LEMMA 6.29 (FST COMPATIBILITY—OPEN RELATION). If [T ki €
[T +tpy snd{K} e < snd{K’} ¢’ : T]]Z,

IA
®

- T1XTQ]]£ and” = KNt = K’ N1y, then

Proor. Nearly identical to that of Lemma 6.26, using Lemma 6.28. O

LEMMA 6.30 (SND COMPATIBILITY—PAIR IS BOTTOM). If[[T Firy €1 < €3 : J_]]g then [T Fery snd{Ki} e; < snd{Kz} ey :
L)L
ProOF. By the same reasoning as Lemma 6.24. O

6.4.3 Binary relation: Compatibility Lemmata

(x:K)eT

LEMMA 6.31 (T-VAR COMPATIBILITY).
[T ey x < x:K]]é
Proor. Consider arbitrary (k,y,y’") € GZ[T].
We must show that (k, y(x),y’(x)) € E£[K].
Since x : K € T, we know that there exist some values 0,0’ s.t. y(x) = v and y’(x) = o’. Since (k,y,y’) € QL[[F]], we
know that (k,0,0") € (VL[[K]] Then we get (k,0,0") € 8£[[1"]] immediately since v, v’ are already values. m]
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LEMMA 6.32 (T-NAT COMPATIBILITY).
[Treun<n: Nat]]g

Proor. Consider arbitrary (k,y,y’) € G£[T].

We must show (k, y(n),y’(n)) € E£[Nat].

Note that y(n) = n.

Since n is already a value, it suffices to show that (k, n,n) € VL[Nat].

Unfolding the definition of V£[Nat], this is true.

LEMMA 6.33 (T-INT COMPATIBILITY).
[T by i < i:Int] %

Proor. Consider arbitrary (k,y,y’) € GZ[T].

We must show (k,y(i),y’(i)) € E£[Nat].

Note that y(i) = i.

Since i is already a value, it suffices to show that (k, i,i) € (VL[[Int]].

Unfolding the definition of V£[[Nat], this is true.

LEMMA 6.34 (T-TRUE COMPATIBILITY).

[To Ftry True < True: Bool]]é

Proor. Consider arbitrary (k,y,y’") € G£[T].

We must show (k, y(True), y’ (True)) € E£[Bool].

Note that y(True) = True.

Since True is already a value, it suffices to show that (k, True, True) € (VL|[BOOI]].
Unfolding the definition of V£ [[Bool], this is true.

LEMMA 6.35 (T-FALSE COMPATIBILITY).
[To try False < False : Bool]]é

Proor. Consider arbitrary (k,y,y’) € G£[I].

We must show (k, y(False), y’ (False)) € E<[Bool].

Note that y(False) = False.

Since False is already a value, it suffices to show that (k, False, False) € V<[Bool].

Unfolding the definition of V<[ Bool], this is true.

[To, (x0:Ko) Firu €0 < € T &
LEMMA 6.36 (T-LAM COMPATIBILITY).

[[ro Ftru ).(X():K()).E() < }.(XQ:K()).E(,) : *—>T1]]CL,

Prookr. Let (k,y,y") € GT[To].
We want to show (k, y(Axo : Ko. eo), y" (Axo. Koep)) € ET[* - =].
Note that y(Axo : Ko. e9) = Axo : Ko. y(eo) and similarly for the other.
We want to show (k — 1, Axo : Ko. y(eo), Axo : Ko. y(eg)) € VT - ].
Unfolding the value relation:
Let j < k.
Let (j,0,0") € VI[+].
Let K.
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4161 We want to show (j,app{K} (Axo : Ko.y(e0)) v,app{K} (Axo : Ko. y(e})) ') € ET[r nK].
#162 By the 08, if =K o o then the application steps to an error and we’re done.
4163

wes  Otherwise, app{K} (Axp : Ko.y(ep)) v —> 1 assert K ((Axg : Ko.y(ep)) v) — assert K y(eg)[v/x].
1165 By the definition of substitution, y(ep)[v/x] = y[x — v](eo).

4166 Note that (j - 2,y[x = 0] (ep), y’[x > v](ep)) € GT[T,x : K] by Lemma 5.55 and Lemma 5.57.
167 Therefore, we can apply the hypothesis to y[x — o], y’[x — '], and e, egat j—2toget (j—2,y[x = v](en), ¥ [x —
e Vleg) € EMn].

s70  Finally, we can apply Lemma 5.58 to get (j — 1,assert K y[x + v](eo), assert K y’[x = 0"](e;)) € ET[r; M K] which

4168

4171 is what we wanted to show. m]
4172

4173 [T Frruer <ef: Tl]]g

4174 [T Fery €2 < eé : TZ]]E

LEMMA 6.37 (T-PAIR COMPATIBILITY).

475 -
4176 [T reru Cer,e2) < (ei,tié) cmXn]s

4177

Proor. Consider arbitrary (k,y,y) € GT[T].
o We must show (k, y({e1, e2)), v’ ({e], e5))) € ET[rixm].
4150 Note that y({e1, e2)) = (y(e1), y(e2)), and similarly for y’, ], e;. We want to show that (k, (y(e1), y(e2)), (v’ (e]), v’ (e3))) €

ast [ xn].
4182

4178

Notice that by instantiating our hypothesis with (k, y, y"), we know that (k, y(e1), Y’ (e])) € ET[r1] and (k, y(ez), v’ (e3)) €

4183

ET[z].
4184
1185 By Lemma 6.14, it suffices to show that for any (k’,v1,0]) € VT[z1] wherek’ < k, (k’, (01, e2), (v],e5)) € El [ ].
4186 By Lemma 6.13, we know that (k’, y(e2),y’(e)) € ST[[TZ]] . Again by Lemma 6.14, therefore, it suffices to show that

Y87 for any k”* < k’ and 02,0 s.t. (k" v,0)) € VT[], (K, (v1, 02), (0], 0})) € ET[ 1y xtausy].
4188

o Since these terms are values, it suffices to show that (k/, (v1,02), (¢v],0})) € VT [y x12].

4190 Unfolding the definition of V., it suffices to show that (k”’,v1,0]) € VT[] and (k”, v, vy) € VT 2]; both of
4191 these are immediate by Lemma 6.13 from our assumptions. O
4192 T
4193 [To Feru €0 < €5 : nle
o LEMMA 6.38 (T-CAST COMPATIBILITY).
[To Fru cast {K; < Ko} eg < cast {K; < Ko} ef : K1 MKo M) &

4195
419 Proor. Follows immediately from Lemma 6.21. O
4197 , T
4198 [To Ftru eo < e : *—)rl]]c
4199 [To Feru er <eg: r(')]]g
4200 LEMMA 6.39 (T-APP COMPATIBILITY). -

’r 7
1201 [To Feru app{Ki}eo e1 < app{Ki}eje; : Kymri] s
4202 Proor. Follows immediately from Lemma 6.23. O
4203
4204 [To Feru €0 < €] : J_]]g
4205 [To Feru €1 < e : ré]]g
4206 LEMMA 6.40 (T-APPBOT COMPATIBILITY). T
4207 |[T0 Feru app{K1} eo e1 < app{Ki} e(,) e{ : J—]]c

4208

1200 Proor. Consider arbitrary (k,y,y) € GT[T].

210 We must show (k, y(app{K1} e e1),y’ (app{K1} e[ €])) € ET[1].
421 Apply the first hypothesis to get (k, y(eq),y’(e))) € ET4].
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4213 Unfolding, there exists some j < k, ey, e3 such that y(ep) —>jT ep and y’(e(’)) —>]T e3 where ey and e3 are irreducible.
214 Either e; = e3 € Err®, or (j, ez, e3) € (VT[[J_]].
4215 ;
ot By inversion, it must be the case that e; = e3 € Err®, which means that by the OS, y(app{Ki} eo €1 —>JT+1 es and
j+1
w17 Y (app{Ki} 66 er) —V;- es.
4218 Then either, j + 1 > k, in which case we’re done, and otherwise both applications step to the same error within k
1% steps, in which case we’re done. O
4220
4221 [ToFerueo <ej:mo ><T1]]£
1222 LEMMA 6.41 (T-FST COMPATIBILITY). T
7’
103 [To Feru fst{Ko} eo < fst{Ko} ey : Ko I ro]]c
4224 . . T
s Proor. Consider arbitrary (k,y,y) € G* [T].
4226 We must show (k, y(fst{Ko} eo), ¥’ (fst{K1} e;)) € ET[Ky M wo].
4227 Note that y(fst{Ko} eo) = fst{Ko} y(eo) and similarly for ej.
4228 Assume that there are j < k, e such that fst{Ky} ey —>JT e1 and e is irreducible.
4229 .
42; By the OS, it must be the case that there are irreducible e{, e;” such that fst{Ko } eo —J 72 fst{Ky} e] — assert Ko e” —
4231 e1.
4232 Unfolding our hypothesis and applying it to the reduction ey —/ =2 e, we get that there is an irreducible e} such

Z: that e) —7. e and (k—j+2¢e)) e VI [roxr].
. Unfolding the value relation, we get that both ¢] and e, are pairs.

1236 Therefore, we have by the OS that there exists e;/, ez such that fst{Ko} e —>’7‘. fst{Ko} e; —T assert Ko e/ — e3.
4237 Unfolding the fact that (k — j +2,e],€;) € VT [zox71] gives us that (k — j +2, e,e)) € VT w].
4238 Finally, by Lemma 6.15, we get that (k — j + 2,assert K e}, assert Kp e}/) € ST[[TO M Ko, which is sufficient to
4239
0 complete the proof. O
4241 [To Feru eo <€) L]E
4242 LEMMA 6.42 (T-FSTBOT COMPATIBILITY). P
’
4243 [To Ftru fst{Ko} eo < fst{Ko} € : J-]]C
z:: ProoF. Similar reasoning to T-AppBOT. O
4246 [To Ftru €0 < e(') ) ><T1]]£
4247 LEMMA 6.43 (T-SND COMPATIBILITY). T
4248 |[T0 Ftru snd{Kl} ey < snd{Kl} 66 KN Tl]]c
e Proor. Almost identical to T-FsT. O
4250
4251 [[FO Ftru €0 < 66 : J_]]g
1252 LEMMA 6.44 (T-SNDBOT COMPATIBILITY). - T
. [To Ftru snd{Ki}eo < snd{Ki}ej: L]
1254 ProorF. Similar reasoning to T-AppBOT. O
4255
4256 [To Ftru eo < ej - TO]]Z
4257 [To Feru er < e : Tl]]g
4258 LEMMA 6.45 (T-BINOP COMPATIBILITY).
1250 [To Firu binopeg 1 < binope €] = A(binop, o, rl)]]g

4260

161 Proor. Let (k,y,y") € GT[T].

w62 We want to show (k, y(binopeg e1), y(binope] e])) € ET[A(binopro, )]

4263 Note y(binopeg e1) = binopy(eo) y(e1), and similarly for e, e.
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By the first hypothesis applied to y, y” we have (k, y(eo),y’ (e})) € EM[].
J

Unfolding we get there is a j < k, and irreducible ey, e} such that y(eo) —7

ez and y’(e)) —7 €.
Ifeg = eé = Err® then we’re done, because the whole operation errors.

Otherwise (k — j, e2,€5) € VT[]

Note by Lemma 6.13 (k — j,y,y’) € GT[T1].

By the second hypothesis applied to y, y’ and k — j, we have (k — j, )/(61‘/), Y (e]) € EM[x].
Unfolding we get there are j’, and irreducible e3, e such that y(e;) —>JT es and y'(e]) —7 €.
Ifes = eé = Err® then we’re done, because the whole operation errors.

Otherwise (k — j — j’, e3,¢5) € VT[]

From the definition of A, K5 = Int or Nat or L.
In the case of L, we’re done because either g or 71 is a L, which is a contradiction.
Otherwise, the cases proceed identically, so without loss of generality assume K3 = Int.
7o = 71 = Int, and therefore e; = e = ip and e3 = e} = ij.
If binop = quotient and i1 = 0 then binopig iy — 71 DivErr, so we’re done.
If binop = quotient and i # 0, then binop iy iy — 7 (io/i1).
Since ig/i; € Z, we’re done.
If binop = sum then binopig iy —T io + i1.
Since iy + i1 € Z, we're done. |
[To Feru eo < g : Bool]]g
[To Feru €1 < €] 2] &
[To Fru €2 < e : rl]]g

LEMMA 6.46 (T-IF COMPATIBILITY).
[To Firu if eo then eq else ez < if e then €] else e} : 7o LI Tlllg
Proor. Let (k,y,y") € GT[T].
We want to show (k, y(if eg then e; else ez),y’ (if e] then e] else e)) € EMroun].
Note y(if eg then eg else ez) = if y(eo) then y(eq) else y(e2) and similarly for e, e], e2.
From the first hypothesis applied to y, y’, we know (k, y(eo), y’ (e))) € &T[Bool].

Unfolding, we have that there is a j < k and irreducible eq4, e[’1 such that ey —7 e

’
T €4 and ej —

% 7
T "4
If eq4, ei € Err® then we’re done, because the entire if statement errors.

Otherwise, (k — j, eq, €;) € VT[Bool].

Unfolding the location and then the value relation, we get that e4 = efl =Trueoreq = ez’1 = False.

e ey = ei = True: Note by OS, if y(ep) then y(e1) else y(e2) _’]T if e4 then y(e1) else y(e2) — 1 y(e1), and
similarly for if y’(e}) then y’(e]) else y(ej).
By Lemma 6.13, we have (k — j — 1,y,y’) € QT[[H]].
From the second hypothesis, we get (k — j — 1,y(e1),y’(e])) € ET[w].
Finally, by Lemma 5.61, we get (k — j — 1,y(e1),y"(e])) € &7 [ 7o U 71 ]] which is sufficient to complete the proof.
e ¢4 = e"1 = False: same as other case except replace e; with ez.
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4317 o
4318 , T
4319 [To Ftrueo < e : J_]]C
. ’. T
4320 IIFO Ftru el < ep: TO]]C
2 ’ T
4321 [To Feru €2 < e, : Tl]]C
4322 LEMMA 6.47 (T-IFBOT COMPATIBILITY). T
1393 [To Firu if e then e; else ez < if €] then €] else €} : 1]s
4324 L. .
Proor. Similar reasoning to T-AppBoOT. O

4325
4326 7. T
[To Ftru €0 < € : To]]c
4327

4328 s

: LEMMA 6.48 (T-SUB COMPATIBILITY).

[To Fera €0 < ¢) s 7L

4330

4331 Proor. Follows directly from Lemma 6.17. O
4332

4333 . .

s 044 Binary relation: Fundamental Property

99 THEOREM 6.49 (BINARY RELATION IS REFLEXIVE). IfT by e: 7 then [T by e~ e r]]g

4336

237 Proor. By induction over the typing derivation, using the compatibility lemmata. O
4338

4339

s 6.5 Context relation—Proofs

4341
s 6-5.1 Context relation: Compatibility Lemmata

4343

4344 I'cT

LEmMMA 6.50 (T-CTX-HOLE COMPATIBILITY). T
o ’
9 [T Feu D& [1: (@ > 1) w ] o
4346
4347 Proor. Lete, e’ such that [T/ ey e € @ 7]
4348

We want to show [T kyry e e’ : 7.

Note V(k,y,y’) € QT[[F]L (k, Y|d0m(1"’), Y/|dom(r')) € gT'[r/]].
And note y(e) = y|gom(r) (¢) and similarly for e’.

4349
4350

4351

4352 Then given such k, y,y’, we can apply the hypothesis to get that (k, y(e),y’(¢’)) € ET[z], which is sufficient to
455 complete the proof. O
4354

4355 [T, (x:K) by E~ E' : (T, (x:K) > 1) wo> T’]]g

1356 LEMMA 6.51 (T-CTX-LAM COMPATIBILITY).

[T Fery A(x:K).E = A(x:K).E": (T, (x:K) > 1) ~> *—>T/]]g

4357

4358 Proor. Lete, e’ such that [T/, (x:K) ey e € 2 7).

We want to show [T kyry A(x:K). e ~ A(x:K). e’ : x — ']

4359

4360

361 From our hypothesis we get [I”, (x:K) Ftry E[e] = E[€’] : ']

4362 Then the case follows from Lemma 6.36. O
4363

4364 [T Fru E~E": (I > 7) w> Tl]]g [Troueme : TZ]]E

) LEMMA 6.52 (T-CTX-PAIR-1 COMPATIBILITY).

e [T Feru (E.e) = (E',€") : (T > 1) > T1><T2]]g

4366

4367 PRrOOF. Let e, e’ such that [T’ by 1 ~ €] = 7].
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4369 We want to show [T kry (E[e1],e) = (E'[e]],€) : 71 X 72].
70 From our first hypothesis, we have [T iy E[e1] = E'[e]] : 7]
4371
572 Then the case follows by Lemma 6.37. O
4373 [Tryuexe : Tl]]g [Tryu EXE : (T' > 1) > Tz]]g
4374 LEMMA 6.53 (T-CTX-PAIR-2 COMPATIBILITY).
4375 [T Feru (e E) = (¢ E') : (T > 1) w1y x72] L
4376
ProoF. Analagous to T-CTx-PAIR-1. O
4377
978 [Tryw E~E - (F'>r)w>*—>r1]]£ [T Feruexe :Tz]]g
4379 LEMMA 6.54 (T-CTX-APP-1 COMPATIBILITY).
4380 [T +tru app{K} E e ~ app{K} E' ¢’ : (I" > 7) »» K g | &
4381
1352 PRrOOF. Let e, e’ such that [T’ ktry €1 = €] -+ — 71].
4383 We want to show [T ktry app{K} E[e1] e ~ app{K} E’[e]] ¢’ : K 71].
4384 By the first hypothesis, we have [T ki Ele1] = E'[e]] : + — 1]
983 Then the case follows by Lemma 6.22. O
4386
4387 [Tryy EXE : (IV>1) »> J_]]g [Tryuex~e : TZ]]E
4388 LEMMA 6.55 (T-CTX-APPBOT-1 COMPATIBILITY). T
1389 [T Feru app{K} E e ~ app{K}E' &’ : (" > 1) ~» il P
990 ProoF. Analogous to T-CTx-App-1. O
4391
4392 [[r Frruex e : *—>T1]]£ |[r Fiu E~ E (r, > 7) TZ]]Z
4393 LEMMA 6.56 (T-CTX-APP-2 COMPATIBILITY).

1304 [T Fery app{K} e E ~ app{K}e' E' : ("> 1) »» KT Tl]]g

% ProoF. Analogous to T-CTx-App-1. O
4396

4397 [Tryyexe : J_]]g [Tryu EXE : (I" > 1) » ‘[2]]2

4398 LEMMA 6.57 (T-CTX-APPBOT-2 COMPATIBILITY).

[T Feru app{K} e E ~ app{K} e’ E' : (" » 1) »» L]]g

4399

4400

Proor. Analogous to T-CTx-App-1. O
4401
4402 [Tryu EXE : (Tr1) wo ><'[2]](Tj
14403 LEmMA 6.58 (T-CTX-FST COMPATIBILITY). -
iod [T Fru fst{K}E ~ fst{K} E" : (T> 1) » KN 1]
405 Proor. Lete, e’ such that [T kiy e m e’ 1 1y X 2]
4406
o7 We want to show [T iy fst{K} E[e] =~ fst{K} E’[¢’] : KT 1].
4408 By the hypothesis, we get [T +yy Ele] ~ E'[e'] : 11 X 12].
4409 Then the case follows by Lemma 6.25. O
4410
4411 [Tryu EXE : (Tr1) v J_]]g
1412 LEMMA 6.59 (T-CTX-FSTBOT COMPATIBILITY).
o [T try fst{K} E ~ fst{K} E’ : (T > 7) ~» L] L
4414 Proor. Analagous to T-Ctx-FsT. O
4415
1416 [Tryu EXE : (Tr1) w> T1>(‘[2]]£
a7 LEMMA 6.60 (T-CTX-SND COMPATIBILITY).
s [T Fery snd{K}E ~ snd{K} E : (FDT)WKl_sz]]g
41
4419 Proor. Analagous to T-Ctx-FsT. O
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LEMMA 6.61 (T-CTX-SNDBOT COMPATIBILITY).

ProoF. Analagous to T-CTx-FsT.

LEMMA 6.62 (T-CTX-BINOP-1 COMPATIBILITY).

[T rey EXE = (Do1) w L)L

[[r Firu snd{K} E = snd{K} E : (To1) J_]]g

PROOF. Let ey, ¢} such that [T ripy e = ef : 7]

We want to show [T rtry binopE[e1] e = binopE’[e]] e’ : A(binop, 71, 72) ||
By the first hypothesis, [T Ftry E[e1] = E'[ef] : 71].

Then the case follows by Lemma 6.45.

LEMMA 6.63 (T-CTX-BINOP-2 COMPATIBILITY).

Proor. Analagous to T-Ctx-BiNop-1.

LEMMA 6.64 (T-CTX-BND-1 COMPATIBILITY).

Proor.

LEMMA 6.65 (T-CTX-IF-1 COMPATIBILITY).

PROOF. Let e, ¢) such that [T iy e = e

O
[Trw EXE: (Ton)walé [True~e :n]h
[T +try binopEe ~ binopE' e:(Tro1)w A(binop, 71, Tz)]]g
O
[Treuese :nll  [TrwE~E : (To1) w ]l
[T Feru binopEe = binopE’ €’ : (T » ) ~» A(binop, 71, Tz)]]g
O

[Tryu EXE : (Tr1) w» Tl]lg

[T Feru cast{Kz = K1} E ~ cast {Kp = K1} E (Do 1) w Kp MK N7 ]G
]

[Treu EXE : (To1) > Bool]]g [T Firuer =€ : 1'1]]2 [T Feru ez > ey Tz]lg

[T kry if E then e; else ez ~ if E’ then e{ else eé :(Te1) w1 U Tg]]g

0Tl

We want to show [T iy if E[eo] then e else ex ~ if E'[e] then e] else e : 71 Ll 72].
By the first hypothesis, [T Ftry E[eo] ~ E'[e]] : Bool].

The case follows by Lemma 6.46.

LEMMA 6.66 (T-CTX-IFBOT-1 COMPATIBILITY).

PRrROOF. Analagous to T-Ctx-IF-1

LEMMA 6.67 (T-CTX-IF-2 COMPATIBILITY).

Proor. Analagous to T-Ctx-IF-1

LEMMA 6.68 (T-CTX-IFBOT-2 COMPATIBILITY).

ProoOF. Analagous to T-Ctx-IF-1

LEMMA 6.69 (T-CTX-IF-3 COMPATIBILITY).

O

[Tryeu EXE - (To1) > J_]]g [T Feru er > e : rl]]g [T Feru ez > ey : rz]]g

[T Firy if E then e; else ez ~ if E then ¢] else e : (T'> 1) ~> J_]]g
(]

[T Feruep ~ e Bool]]g [Tryu EXE : (Te1) v Tl]](T: [T Feru ez > ey : Tz]]g

[T Fry if ep then E else ep ~ if el’J then E" else e} : (> 1) > 71 U Tz]]g
(]

ﬂrknuebze;:Lﬂg HrknuEiﬁE“(r>T)Méﬁ]g ﬂfknuegzeézmﬂg

[T Firu if ep then E else ez ~ if e, then E else e) : (I'>7) ~> L]]g
o

[T Feru ep = el') : Bool]]g [T Feru e1 = e : rl]]g [Tryu EXE : (Tr1) > Tz]]g

[T iy if e then eq else E ~ if e; then ei else E/ : (T> 1) ~» 71 U Tz]]g
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Proor. Analagous to T-Ctx-Ir-1 O

ﬂrknuebze;:Lﬂg ﬂrknuelze;:nﬂg [FF”uEﬁzEU(F>T)M»Q]£
LEMMA 6.70 (T-CTX-IFBOT-3 COMPATIBILITY).

[T ki if ep then eq else E ~ if e; then ef else E’ : (T > 1) ~» J_]]g

Proor. Analagous to T-Ctx-IF-1 O

6.5.2 Context relation: Fundamental Property

THEOREM 6.71 (CONTEXT RELATION IS REFLEXIVE). IfT iy C: (IV > 1) ~ 7/, then [T bry C =~ C: (I7 ey 7) w 7]

Proor. By induction over the typing derivation, using the compatibility lemmata. O

6.6 Check optimization

* ifr <K
K\r=
K otherwise
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T ey €1 T~ e | optimization

T-Var

T-NAT
(x0:Ko) € Ty

To Ftru x0 : Ko ™ x9 To Ftru no : Nat ~» ng

T-Lam
T-FALSE

7’
To, (x0:Ko) Ftru €0 : 71 v €

T-INT T-TrUE

To Ftru Qo : Int » i Iy Firy True : Bool ~» True

T-PAIr
’
To Ftru €0 : To ™ €

’
To Ftru €1 : 71 ™~ €y

Iy Ftry False : Bool ~» False

T-CasT
IﬂO Ftru

Lo Firu A(x0:Kp). € : % — 11 ~> A(x0:Kp). €]

To Firu (€0, €1) : o X117 ~> (g, e])

€ : To v €]

T Firu cast {K1 < Ko} eg : K1 MKy Mg~ cast {K1 \ (Ko M) < Ko \ 70} €

T-Arp
Io Ftru €0 : *— 11 > 66

To Firu €1 RNy
0 1

T-AprrBoT
To Ftru €0 : L~ e(')

Ty Firy €1 : T, ~ €]
0 1

To Ftru app{Kl}E() e1: K11y app{K1 \ ‘L'1} 66 61

T-Fst
T Feru €0 : ToXT1 ™ 66

To Frru app{K1} e e1 : L ~> app{Kq \ L} ej e}

T-FstBot
To Ftru €0 : L ~» 66

To Feru fst{Ko} eo : Ko M 79 ~> app{Ko \ 70} e(')

T-SND
T Feru €0 : ToXT1 ™™ e(')

To Feru fst{Ko}eg : L ~ fst{Kp \ L} 66

T-SnpBoT
To Feru €0 : J_we(')

o Feru snd{K1} e : K1 M 71 ~> snd{Kq \ 71} €

T-Binopr
’
To Ftru €9 : To ™ €

’
To Ftru €1 : 71 ™~ €1

To Feru snd{Ki} e : L~ snd{Ky \ L} ¢

T-Ir
’
To Ftru €o : Bool v ¢
’
To Ftru €1 : 7o ™ [

’
To Ftry €2 : 71 ™~ €,

Ty Firu binopeg e : A(binop, 1o, 71) ~> binopey e]

T-IrBot
Lo Ftru €0 : L~ €]
’
To Ftru €1 : 70 ™ ey

’
To Ftru €2 : 71 ™ €y

I Firu if € then eq else ep : 79 L 71 > if €] then e] else e

T-Sus
’
To Ftru €0 : 70 ™ €

T0 ' T

T Firu if € then eg else ep : L~ if ] then €] else e}

THEOREM 6.72 (CHECK-ELISION CORRECTNESS). IfT Firy

T Firu €0 : T1 ™ €]

e:T~> e thenT Fiy e % e’ : 1.

Proor. Consider arbitrary T, e, 7,e” s.t. T Fyy € : 7~ €. By Lemma 6.92, [T Fyry € ~ € - T]]g By Theorem 6.3,

T Firy € % ¢’ : 7, which is what was to be shown.

O
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77 6,7 Check-elision—Proofs
4578

14579 LEMMA 6.73 (K \ 7 PRESERVES MEETS). KM 7= (K\7) M.
4580
1581 Proor. Immediate by unfolding and lattice properties. O

4582

% 6.7.1 Check-elision: Compatibility Lemmata

4584

4585

(x0:Ko) € Ty
4586 LEMMA 6.74 (T-VAR COMPATIBILITY).

~ xn - T
4587 [[r() Ftru X0 = X0 KO]]C
4588

1589 Proor. By unfolding and Lemma 6.31. O

4590
LEMMA 6.75 (T-NAT COMPATIBILITY).

oo [To Ftru 1o = ng = Nat]]g
4592

4593 Proor. By unfolding and Lemma 6.32. O
4594

4595 LEMMA 6.76 (T-INT COMPATIBILITY). T

1596 [[r() Ftru l0 ~ g : Int]]c

w7 Proor. By unfolding and Lemma 6.32. O

4598
4599

LEMMA 6.77 (T-TRUE COMPATIBILITY).
4600 [To Ftry True =~ True : Bool]]g

4601

1602 Proor. By unfolding and Lemma 6.34. O

4603

604 LEMMA 6.78 (T-FALSE COMPATIBILITY).

[To Firy False ~ False : Bool]](Tj

4605
4606 Proor. By unfolding and Lemma 6.35. O
4607
4608 [To, (x0:Ko) Feru €0 ~ € : 1] &
1600 LEMMA 6.79 (T-LAM COMPATIBILITY). -

’
o [To Ftru A(x0:Ko). e0 = A(x0:Kp). e : =11 ] -
4611 Proor. By unfolding and Lemma 6.36. O
4612
4613 [To Feru eo ~ 86 : To]]g
don [To Feru €1 ~ €] s 7]
4615 LEMMA 6.80 (T-PAIR COMPATIBILITY). T

’ 7’
1616 [To Ftru {eo, 1) = (eg, e1) = Tox71]l o
o Proor. By unfolding and Lemma 6.37. O
4618
4619 ~ oo T
[T Feruer ~ex: 7]

4620 LEMMA 6.81 (T-CAST COMPATIBILITY).
1621 [T rey cast {K' =K} ey ~cast{K'\ (KN7) &«K\7}ey: K' MK T]]g

j:j Proor. Follows immediately from lattice properties and Lemma 6.21. O

624 [To Ferueo ~ € : x> 7]
4625 ;T
s [To Ftru e1 = €] : gl
0o LEMMA 6.82 (T-APP COMPATIBILITY).

’ 7 T
d627 [To Ftru app{Ki}eo e1 ~ app{Ki \ 71} ej el : Ki M)~
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Proor. Follows immediately from lattice properties and Lemma 6.23.

eé:Lﬂg

er: ré]]g

[To Ftru app{K1} eo €1 =~ app{Ki \ L} e(') e; : J_]]g

Proor. Follows immediately from Lemma 6.24.

Q

[[FO Ftru €0
[[rO Ftru €1

Q

LEMMA 6.83 (T-APPBOT COMPATIBILITY).

T
[[r() Ftru €0 & 86 : TOXTI]]C

[To Feru fst{Ko} eo ~ fst{Ko \ 70} €} : Ko M 0] &

LEMMA 6.84 (T-FST COMPATIBILITY).

Proor. Follows immediately from lattice properties and Lemma 6.26.
[To Feru €0 = € : J_]]g

LEMMA 6.85 (T-FSTBOT COMPATIBILITY). -
[To Feru fst{Ko} eo ~ fst{Ko \ L} ey : L]~

Proor. Follows immediately from Lemma 6.27.

’ T
[[1“0 Ftru €0 X € : T()XTl]]c

LEMMA 6.86 (T-SND COMPATIBILITY). T
|[F0 Firu snd{K1} eg ~ snd{K7 \ 71} 66 KM Tl]]c

Proor. Follows immediately from lattice properties and Lemma 6.29.
[To Feru €0 = € : J_]]Z

[To Feru snd{K1} eo ~ snd{K; \ L} ¢ : J_]]g

LEMMA 6.87 (T-SNDBOT COMPATIBILITY).

Proor. Follows immediately from Lemma 6.30.

Q

[[Fo Ftru €0
[To Feru e1

€ To]]g
e{ : Tl]]g

Q

LEMMA 6.88 (T-BINOP COMPATIBILITY).
[To Feru binopeg e1 ~ binope, e} : A(binop, 7o, Tl)]]g.

Proor. By unfolding and Lemma 6.45.
[To Feru €0 = €] : Bool]]g
[To Feru €1 ~ €] s 0] &
[To Feru €2 ~ €) : 1] &

LEMMA 6.89 (T-IF COMPATIBILITY).
[To Firu if eo then eq else ez ~ if € then €] else e} : 7o LI 11]]£

Proor. By unfolding and Lemma 6.46.

[To Feru €0 = € : J_]]g
[To Frru €1 ~ €] :ro]]g
[[1“0 Ftru €2 = eé :Tl]]g

LEMMA 6.90 (T-IFBOT COMPATIBILITY). -
[To Ftru if e then e else ez ~ if ) then e] else e} : L]

Proor. By unfolding and Lemma 6.47.

’ T
[To Ftru €0 = €j : 0]l
T0 ST

LEMMA 6.91 (T-SUB COMPATIBILITY). -
’
[[Fo Ftru €0 = 60 : Tl]]c

Proor. By unfolding and Lemma 6.48.

]
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6.7.2 Check-elision: Fundamental Property
THEOREM 6.92 (CHECK-ELISION IS CORRECT FOR BINARY LR). IfT ki e: 7w €/, then [T by e x € : T]]g

Proor. By induction over the check-elision judgment derivation, using the compatibility lemmata.
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7 GTL

Surface language

¢ =
T =
binop = sum | quotient
r = | T, (x:7)
n =N
i =17

Int, Int

A=Y (binop,T) =

Nat, Nat

Nat | Int | Bool | 7X7 | *—> 17 | *

if 7 = Int

if 7 = Nat

x|n|i|True|False | A(x:K) — 7.t | (t,t) | tt|fstt|sndt | binoptt | if t then ¢ else ¢
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7.1 Simple Translation

[r/ T]e

e ifr > 7/
[t/ ]e=

cast{rer'te ifrp ' Ar~1

T~ T2 1~ T3 0~ T2 1~ T3 T~T
T~ % Nat ~ Int ToXT] ~ TaXT3 0T ~ T2 T3 T~T 7 ~7
Nat U Int = Int Nat 1 Int = Nat
0 —1T1 D 2—73 =170 ﬁ 2 —1T1 G 3 0 —7T1 ﬁ 2—173 =17 E T2 —1T1 ﬁ 73
ToXT1 ] ToXT3 =170 ] To XTq ] T3 ToXT1 [l T XT3 = 70 [l To XT1 [l 73
thx=1 Th*=1
riUr =70~ ric =7nr
rlr=rt tAr=r1
7 U r’undefined otherwise 7 1 ’undefined otherwise
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4837 Fhsimt:Twe

4838

4839 (x:t) el

4840 —_— _— e —

4841 I'Fsimx: 7w x I ksim n: Nat~n I ksimi:Intw i

4842

4843 T, (x:7) bsim t: 77 e T Fgim t1: 71 » €1 T Fgim t2 : T2 » e
4844

ssas T rim Ax:n) = Tt~ Ax:1). ([T L/ 77 ]e) T Fsim (t1,t2) : 11 XT2 ~> (eq,€2)
4846

4847 T Fgim 1 : 117 e1 T Fgim £2 ¢ '~ e T bgim 1 2% w e T Fgim t2 ¢ i

- I bsim t1 12 27~ app{t’}er ([7/ 7"]e2) T bim t1 tz 5~ app{x} (cast {x—x < x} e1) [+ / 7'les
4850

1851 Thgim t:TXT wre Thgmt:xwe Thgim t:TXT ~oe

1852 T bsim fstt : 7w fst{r}e T bgim fstt: % ~wo fst{x} (cast {xXx < %} e) T bgim sndt : 7/~ snd{7'} e

4853
4854

1855 Fhsimt:xwe

4856 T Fsjm snd @ % ~s snd{x} (cast {xXx < x} e)
4857

4838 T bgim t1: 71 €1 T kgim t2 112 m €2 A(binop, 1y 0 T2, T1 0 ) = 7’ 71 < Int A 1o <0 nt
4859

4860 T bsim binopty tz : T’ ~> binopey ez

4861

4862 [ ksim 1171w €1 T Fsim t2 : 72 w e
1863
1864 T bsim binopty ty : T/ ~» binop ([Int /" 71]e1) ([Int /" 12]ez)

4865

4866 T Fsim fp : Bool ~» e, T kgim 1171 ™ €q T bgjm b2 1 Tp ™ e

j:z; T bgim if 1, then ] else 3 : 1q U1y~ if ep then ([11 0 1/ 11]er) else ([r1 U / 12]e2)
4869
4870
4871
4872
4873
4874
4875
4876
4877
4878
4879
4880
4881
4882
4883
4884
4885
4886

4887
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THEOREM 7.1 (TYPED TRANSLATION IMPLIES SIMPLE TYPING). IfT bsim t : T~ e thenT kg e : 7.

Proor. Proceed by induction on the typed translation.
(x:1) el
IFsimx: 7w x I ksim n:Nat~n [ ksimi:Intw i

These cases are all immediate.

T bgim b : 71 ™ e T bsim 12 : T2 ™ €3 T hgim t:TXT ~oe Thgim t:TXT wre

T ksim {t1,12) : T1 X2~ (e1, €2) T bgim fstt: 7w fst{r}e T bsim sndt : 7/~ snd{z'} e

These cases are all immediate by the TH applied to their premises and their corresponding typing rule in sim.

T, (x:7) bsim t: 77 e T hgim b :T—T w e T hgm b2 : 7" ~ e

[ bsim A(x:7) > ot i 1> w Axin). ([7 /77 ]e) T ksim t1t2 2 7w app{t’}er ([r/ 7"]ez)

These cases proceed similarly.

First we apply the IH to all premises.

Then we either use subsumption to typecheck the body or argument respectively if the types are subtype related, or

use T-CasT if they’re instead compatible subtypes.

Finally, we use the corresponding typing rule to typecheck the elimination form.

[ Fsim 110 % w eg rl—simtzil', Thsimt:x~we

T ksim t1 t2 % ~> app{} (cast {x > & x} e1) [x ,/ T']es T Fsim fstt : s~ fst{*} (cast {xX* & } e)

Frgmt:x~~we

T Fgim snd t : % w> snd{+} (cast {xx* < =} e)

All of these cases proceed similarly.
First, we apply the IH to all premises.
Then we typecheck the casts with T-CasT.

Finally we use the corresponding typing rule to typecheck the elimination form.

T bgjm t1: 71 ™ €1 T bgim 2 1 g ™ e A(binop,ty U o, 7y U 1) =17 11 < Int A <t nt

T ksim binopty ty : T’ ~> binopey ez
By the IH, we have I kg, €1 : 71.
By the IH, we have I kg, €2 : 72.
Then we can use subsumption to get both T kg €1 : 71 U 72 and T ki €2 : 7 U 7.

Finally we can typecheck with T-BiNop.
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[ ksimt1:11 weq T ksim t2 1 T2 w €2

T Fsim binopty ty : T’ ~» binop ([Int /" 11]e1) ([Int /" 12]e2)
By the IH, we have I kg, €1 : 71.
By the IH, we have T kg, €2 : 2.
If 71 <* Int, then [Int /" 71]e; = cast {Int < 71} e1, and by the IH we have I kg, cast{Int &< 71} e : Int.
Otherwise, [Int ,/ 71]e1 = e1.
If 7y <* Int, then [Int /" 12]ez = cast {Int & 12} ez, and by the IH we have I kg, cast {Int &< 12} ez : Int.
Otherwise, [Int ,/ 12]e2 = ea.

Finally we can typecheck with T-BinoP and potentially T-SUBSUMPTION.

T Fgim tp - Bool ~» ep Irgim t1: 711 » €1 T bgjm 2 : T2 m €2

T bgim if £, then t; else to : 7; U 73 > if ep, then ([7; U 1o/ 11]er) else ([r1 U2 o/ 72]e2)

By the IH, we have I k4, €p : Bool.
By the IH, we have I Fgjm, €1 : 71.
By the IH, we have I Fgjy, €2 : 72.
If 11 <t 71 U 12, then by subsumption, we have T kg, €1 : 71 U 2.
Otherwise, by T-CasT, we have T kg, cast {r; U2 &< 11} €1 : 71 U 72.
If 7, <t 71 U 12, then by subsumption, we have T kg, €2 : 73 U 73
Otherwise, by T-CasT, we have T kg, cast {r; U 7z & 12} ez : 71 U 7.

Finally, we can typecheck with T-Ir. O
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7.2 Tag Transient Translation

Fktagt:Kwe

Thiag t: K~ eiff Ir. 7] =K AT bgim t:Tw e’ Ae=(e)F

THEOREM 7.2 (TYPED TRANSLATION IMPLIES SIMPLE TYPING). IfT Ftag t: K v e thenT krag € : K.

Proor. By Theorem 7.1 and Theorem 3.1. O

7.3 Truer Transient Translation

x ifK<T
T\K =

r otherwise
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5045 Fl—tmt:>T~v>e:T"
5046

2047 (x:K) el
5048
5049 I'rjux =>Kwx: K I’ Htru n = Nat ~»» n: Nat T'rryi= Intwi:lInt

5050

5051 I, x:K) eyt & t~ve: 7 Thyuti = 11w er:T, Thrulzg = wey:T,
5052

5053 Trpg A(x:K) > 1.t 2 s>~ A(x:K). e: x> 1 T by (1, 12) = T1XT2 ~> (e1, €2) @ 7] X7,

5054
5055 Thryutl =2 *x—>T~wep:x—7 T Fru tgzrgwegzré

5056
T heu bty tp = 7~ app{*}er ez : 7’
5057
5058

’ /7
5050 Thyuti @ xwre: 1 Tryuty > 17 ey T MNx—x =% > 1)

5060 T by t1 B2 = %~ app{x} (cast {* > & «} e1) e : 7]

5061
5062 ’ ’ r’’

s Thyuti > xwreg: 1 Tryuto > 17 ey m TMe—x=_1 Thyut > XT we: T

5064 T bty g tp = %~ app{*} (cast {x >* & x} e;) ez : L T biry fstt = 7o fst{x} e : fst(t")
5065

2066 Trput=>xwe:r T X% =T XTy Thput=>xwe:1 T xX* =1
5067
5068 T Fry fstt = =~ fst{x} (cast {xX* & x}e) : 1y T kiry fstt = =~ fst{x} (cast {#Xx* < *} e) : L

5069

5070 Tryut = X7 we: 7" Tryut=%~ve:T T #X% = 7] X T
5071

sor T by sndt = 7~ snd{x} e : snd(t”") T by sndt = # ~ snd{x} (cast {sx* < *} e) : 1

5073
5074 Trut=>%xwe:1 TM*X* =1
5075

e T by snd £ = = > snd{«} (cast {xXxx & x}e): L

5077
s07 Thyyl1 = 11w eg g Thyulg = 12w ep 1T, A(binop, 11, 72) =7’ A(binop, 7], 15) = 7"’

5079 T by binopty ts = 7/~ binope ez : 7”7

5080
5081

. T Fyry tp, = Bool ~s ¢, : Bool Chyu t1 = 11 woeg 1 7 Thrulz = 2w ep: 1)

5083 T Firy if e then ¢y else tz = 71 Uz s if e, then e; else ey : f{ u Té
5084
2085 T Firy tp = Bool wr ey = L Triyt] =11 ™ e Ti Thiry t2 = 10 wreg: Té
5086
5087 T Firy if ep then t] else ty = 71 Ly v if e, then eg else ey : L

5088

= ’
N> H
5089 T'rHuwteE"1 e:r

5090
001 Trput=17 we: 7"’ T

IN
<

Tttt =17 we: 7"’ T £K

2092 Trptese"1we:7" Tyt &=~ Kwcast{K < ['|}e: KM || nt”
5093
5094

5095
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Trut et twe:

ThHuteTtwe: T -(Fe, 7. Trputesrwe:r) Trte" 1we:t

Tttt rwe: Trwtetrwe:

ITtiutesrwe: 7

Ty 1 & flwelzr{ | Tg'\/v)ez:‘[é Thin t =7 (T [T]) X% wr e I X1

T by (11, 1) & T1XTy w (€1, €2) 1 T| X T T by fstt & 7w fst{|z]}e: 71 N |1]

Thgu t &7 xx(t\ [7]) w e T1X1

T kiru sndt < 7w snd{|7]}e: M| 7]

T Firu tp <" Bool w» ep : Bool Tryputh & 7w eg s T{ Triuty =T 7w ey : Té

I Firy if ep then 1 else tp & 7w if e then eg else ey : T{ U Té

T riru tp < Bool ws e @ L Thu 1t E T wer i 1] Thulp E Ty 1

T Firy if e then t) else ty & 7w if € then e else ez : L

+ 4 + 2 -1 . AN . VA AN
Fhgut1 & 11w e 1) Tryula & o wex: 1, A™ (binop,7’) =11, 12 A(binop, 71, 75) =T

T by binopty ty < 7/~ binoper ez : 7”7

ThrHut=>1tweiffThyt=>17we:

‘I‘I—trut<=:>rwe‘

Trput =" tweiff Tyt & T e

‘ant<=+rwe‘

Trutetrweiff Tyt =T rwe:

TrHutesETwe

Trutesertweiff Ty uteETwe:
For the purpose of the following proof, assume the tru rules are used in each judgement.

LEmMA 7.3 (TYPED TRANSLATIONS IMPLY TRUER Transient TYPING).

() fTri=>t~e:7 thenTre: v witht <r.
2 IfTrit<"r~e:7 thenTre: 7 witht <.
3) IfTrt< " rwe: 7 thenTre: 1t witht <r.
4 IfTrte=rwe:r thenT +e: 7’ witht <.
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5149 Proor. All cases proceed by induction over their respective judgement derivations.
1% This is well founded by the size of the term e, with the caveat that (2) will call into (1) with the same term, but (1) will
then reduce the size before calling back into (2) (in the lambda case, through (3)).

5151
5152
5153 Similarly, (3) will call into (2), but by the time it gets back to (3), the term will have been reduced in size in (1) (in the

5154 lambda case).

% And similarly, (3) will call into (4), but by the time it gets back to (3), the term will have reduced in size.

5156
5157

5158 (x:K) €T

5159 - - -

160 I'rx=K~~x I'tn= Nat~n F'ri=Intwi

2161 All of the above cases follow immediately.

5162

5163

5164 I'rti =1 we Tty => 1 we

5165

s166 T'r <t1, tz) = T XTy W <81,62>

s167 Follows immediately by the induction hypotheses.

5168

5169

5170 Tt = *x—>Tw e Tty =1 Tt = X7 we TrHt= X7 ~we
5171

1 Tritpty= 7~ app{}ts t2 T+ fstt = 7w fst{x}e T'+sndt = 7~ snd{«}e
5173 All of the above cases follow similar reasoning.

5174

We apply the induction hypothesis to each premise.
5175
If the term being eliminated is at type L, then we use the corresponding L rule.

5176
5177 Otherwise we use the corresponding elimination rule with check .
5178

5179

s150 Tt = %~ e I'rty =17 Trt=x~~e

>181 Tkt ty = %~ app{x} (cast {x —>* & =} 1) fp T+ fstt = %~ fst{*} (cast {#X* < *} e)
5182

o Trt==x~we

5184

5185 T +sndt = %~ snd{«} (cast {#x* & *} e)

5186

a7 All of the above cases follow similar reasoning.

5153 The reasoning is identical to the previous case, with the note that the boundary term also sends the type below the tag
5189 corresponding to the kind of elimination form.

5190

5191

5192

5193 Trt; =11 we Triy = 19w e A(binop, 11, 72) = T

5194

. ’ .
5105 T + binopty ty = 7' ~» binope; ez

5196 From (1) we get that there is a 7] < 71 such that T+ e; : 7.

108 From (1) we get that thereisa 7, < 72 such that T+ ez : 7.

519 If 7] = Lorz, = L then were done, because A(binop, 7], 7;) = L.

5197
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Otherwise, T{ = Int or Nat and Té = Int or Nat. If T{ * Té, we can use subsumption to get both e; and e; at Int to

complete the case.

Otherwise they’re both at Nat or Int, which is sufficient to complete the case.

I‘I—tbﬁBOOI'Vv)eb T'rtp => 1 we Tt =>1mwe

T +if ep then t; else t; = 71 U 13~ if ¢, then eg else ey

By (1) we have 37;, < Bool such that T + e, : 7.
By (1) we have 371 < rsuch thatT +eg : 73.
By (1) we have 372 < rsuch thatT + ey : 2.
If 7, = L, then were done by the if bot rule.
Otherwise, we get by the if rule that T + if e;, then e; else ez : 71 U 72, and that 77 U 72 < 7 by the fact that U is a

greatest lower bound.

I, (x:K)rt=trwe

It A(x:K) > 1.t = xs—>7w A(x:K).e

By the lambda typing rule for truer typing, we want to show thereisa ' < rsuch that T, (x:K) Fe: 7.

This is immediate from (3) applied to the premise.

I'rt=17 we <

Trte"Twe

By (1), we have thereisa 7’/ < ¢/ such that T + ¢ : 7”/.

Since < is transitive, this completes the case.

Trt=17 we 7 £K

I+t Kwcast{K < |7']}e

From (1) we have 7’/ < 7’ such thatT + e : 7”.
We want to show there is a tau’””’ < K such that T + cast {K < ']} e: 7"
Set””” M |7’ MK tobe 7.
By the boundary typing rule of truer typing, this typechecks.
The last condition is that 7/ < K, which is immediate by the fast that M is the greatest lower bound.

—(Fe.Trt=1w™e) Trte"r1we

Tttt rwe

Immediate by (2).
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Immediate by (4).

Tkt < v e

ltte=twe

Tttt rwe

rl—t2<=+1'2wez

[k (t1, t2) & 11X12 ~ (g, €2)

Immediate by (3) and induction.

Trtet (o) [r])x* we

I'+fstt &7~ fst{|r]}e

By our induction hypothesis, we have that there is some 7/ < (7 \ [r]) X * such that T+ e : ¢’.

If 7 = L, then were done by the fst bot rule.

Otherwise, 7’ = 7; X 7, and 7] < 7\ |].

By the fst projection typing rule, we have that T + fst{|z]} e : 7] 11 |7].

It suffices to show that ‘[{ nlr] <.

If 7\ [ 7] = %, then | 7] < 7, which means r{ MNlr]l <lr] <7

Otherwise, 7\ | 7] = 7, which means 7] < 7 and therefore 7; M [ 7] < 7.

It sx(t\|r]) we

T'ksndt & 7~ snd{[r]}e

Not meaningfully different from the previous case regarding fst .

T+t &% Bool w ¢

Tty =t rweg

Trty =t 1w ey

T +if ep then t1 else tp & 7w if e, then e; else ey

By (3) we have 37, < Bool such thatT ¢, : 7.

By (3) we have 37y < rsuchthatT reg : 73.
By (3) we have 312 < rsuch thatT r ey : 7.
If 7, = L, then were done by the if bot rule.

Otherwise, we get by the if rule that ' + if e;, then e else ez : 71 U 72, and that 77 U 7o < 7 by the fact that U is a

greatest lower bound.

rl—t1<=+T1’\N>€1

Fl—t2<=+1'2'vv>ez

A_l(binop, ) =11,10

T + binopt; ty & v’ ~> binope; ey

By (3) we have 7] < 1 suchthatT g : 7]

By (3) we have 3r) < 73 such that T +e; : 7.

1
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By the definition of A™1, either 7; = 72 = Int or 7; = 75 = Nat.
If r{ =1or Té = 1, then were done because A(binop, 7/, Té) =1.
Otherwise, we have 7] = Int or Nat and similarly for 7.

If 7] # 7, then we can use subsumption to get both at Int and complete the case.

Otherwise, we get that both are Int or Nat, which is sufficient to complete the case.

THEOREM 7.4 (TYPED TRANSLATION IMPLIES TRUER Transient TYPING).
IfTrt=>1t~ethenTre:t.

Proor. Follows from Lemma 7.3 and T-Sus
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8 Vigilance Results for GTLs

8.1 GTL Vigilance for Simple Typing with Natural Semantics

THEOREM 8.1 (VIGILANCE FOR SIMPLE TYPING WITH NATURAL SEMANTICS). IfT bgjm t: 7w e then [T +e: r]]N

Proor. By Theorem 7.1 and Theorem 5.40.

8.2 GTL Vigilance for Tag Typing with Transient Semantics

THEOREM 8.2 (VIGILANCE FOR TAG TYPING WITH TRANSIENT SEMANTICS). IfT ktag t : K > e then [Tre: K]]N

Proor. By Theorem 7.2 and Theorem 5.90.

8.3 GTL Vigilance for Truer Transient Typing with Transient Semantics

THEOREM 8.3 (VIGILANCE FOR SIMPLE TYPING WITH NATURAL SEMANTICS). IfT by t: 7~ e then [T ke r]]N

ProoF. By Theorem 7.4 and Theorem 5.89.
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